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IMbEVEtOPMENT OF THE RE4 NUMBER SYSTEM

1. .introdUction

k In the beginning oryour study of arithmetic you learned

about Wholenumbers; later you learned about fractions. In

algebra you learned., about negative'humbers, and about irrational

bers.. These numbers are all called real numbers;

As you were introduced to each kind of new number, you

'learned rules 'for -operating with them, that is, for performing

addition and multiplication and, where possible, subtraction

and division. You learned the practical reasbns why the new

numbers were needed, and 'these reasons made some of the new

operations seem flat:Ural/and ssimple. Probably some of the

_rules, however, seemed arbitrary and mysterious. Are there

somelich still seem mysterious to. you? COuld one USQ._

different rule t for operating with negative and fractional

numbers? If not, why not? .If ;here is only One "right" way

of opeAting with these numbers is there any way you could

find the'llright' rules yourself?

In this chapter we are going po take a closer look at

he real numbers and the rules for operating with them. We

will see that there are just a few basic rules of algebra

and that every other -algebraic rule 'follows logically from

these basic rules. We will show you that there are purely,

mathematical reasons for introducing each new kind of real

and 'that the rules for operations with.-these numbers are

the only ones possible If the operations are to have certain

simple and familiar properties. We will actually discover

these rules:
.

.

We will begin our study by examining the whole numbers

and some of the properties of addition and multiplication'

of whole numbers. From these properties we will get most of

our basic rules of algebra. We will not suppose that you

know anything about other real numbers or operations with

them.
f)
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2. Whole Numbers o

The numbers first usedby man, even before recorded

history, were the numbers 1, 2, 3, 4, 5, ..., etc. which

we 'call the natural numbers. Very early in manes history

the number 0 was introduced. We call the flat-Ural numbers

and 0 whole numbers. We are going to examine some of the

properties of operations with whole numbers.

9

Exercises-2a. (Oral).

For each equation list all the whole numbers that satisfy:

it. If all whole numbers satisfy the equation the answer

is dll. If no whole_nUMbeP-satisfies the equation the answer

is pone.

1.

3.

4 .

5.

6. (y + 2)(y + 1) = y.y + 3.y + 2

x + 5 = 17 12. x + x = x

x/2=3 13. x + 19 = 21

A -6 -3:=

33 / z = 11

33 / x = 4

,14,

15,

16.

x + 21 = 19

x = x

1 +x =1

/ 7. x / 5 . 2 17. x(x + 2) = xx + x2

( 8. (2x - 1) /13 =1 18. x+y=y+ x
"19. 5x = x.541-1 = z +2

10. 2.z + 6 = 6 + 2.z 20. 2x + 10 = 2(x + 5) ± 3

11. x.x = x 21. x -(y (x -7) + z

Operations: 'What is an operation? An operation is a rule

which assigns a number to certain pairs of numbers given

in a definite order. We call a pair of numbers given in

a definite order an ordered pair of numbers, and denote' the

ordered pair--first a, second b --by (al,b).

Addition:- The first operation you learned, and still the

one you consider the simplest and most fundamental is'addition.

Addition assigns to the ordered pair of numbers (a, b) the.

number a + V. What do.you know about the addition of whole

numbers? We are going to list some properties of addition

which you use all the time.

6
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..:1e -first and simplest property is that addition is

always possible for whole numbers and the result is a whole

number; that 1s, addition assigns'a,number to every ordered

pair Of whole numbers, and the number assigned is a whole

number. For example, 4 + 3 =71 112 + 2133 = 2245; 19 + 0 = 19

We say that the set (or collection, or Blass) of whole numbers

is -closed under addition, and refer to this property as the

Closure property, of addition.

Closure-property of addition: If a and b are whole,

numbers then a + b is a wilole number.

Exercise 2b. (For class discussion)

1. Is the set of all natural numbers closed under the

operation:

(a) addition?

(b) subtraction?

(c) multiplication?

(d) division?

Is the set of all even natural numbers closed under:

(a) addition?

(b) multiplication?

3. Is the set of all odd natural numbers closed under:

(a) addition?

4-b) multiplication?

4. Is the set of all natural numbers less than 10 closed

under:

(a)° addition?

(b) multiplication?

Theseeond property of addition is that the order in

which we add numbers does not affect the result; addition

assigns the same- number to the orderer lairs (a, b) and

(boa). For example, 5 +,2 = 2 + 5. We call this property

the commutative property of addition.

7



Commutative property of addition:. For all a and b,a + b = b + a.

; Addition assigns a

Irish to "add" three numbers gi

;Oust first add two of them,' and the

third. We "can g'roup,three numbers given

in two different ways, but th way.in which we

number to a pair of numbers. If we

ven in a definite order, we

add the result to the

in a definite order

group them

fdoes not.affect the result of addition; that is,

+ (b.+ c) = (a + b) + c.

For example0 with a = 5, b = 6 and c = 9, we have

+ c) = 5 + (6 +M 5 + 15 = 20'

(a + b) c = (5 + 6) + 9 11 + 9 20 -

We call this property the associative property of addition.

Associative property of multiplication:' For all a, b, 'and c,

a(bC) = (ab)c

Multiplicati

6

n: Let us turn now to the second fundamental

operation, nuItiplication. Does it have property es similar

to. those of'additio,? Yes. The product of two whole

numbers is a whole number; the order of 'factors does not

affect the product; and the way in which we group numbers

for mu?tiplication does not affect the result.

Closure property of multiplication: If a and b are whole

numbers then ab.is a whole number.

Commutative,Troperty of multiplication: For all a and 'b,

ab =

V

Associative property of addition: For all a, b, and c;

a(bc) ='(ab)c 4

4



4

A

Distributive prqperty: Are addition and multiplication related?

'The m6st important feature of their relationship is, that we

can multiply a number by the. um of two numbers, or we can

multiply each of the ,x in' the sum bythe first'number,

and then add-ann t. we get the same result. Symbolically this

is expressed by the equation a(b +"c) = ab + ac. With
. a = 5, b = 6 and c = 9, for example, we have

5(6 + 9) = 5.15 75

,5.6 + 5.9 = 30 . 45 = 75

. Because of the commutative property of multiplication we can
* .

also write (b + c)a = ba Al ca. We describe both equations

by saying that multiplication is distributive over additioh.,

0

Distributive property: B"or all a, b, and c, a(b + c) = ab + ac

and (b + c)a = ba + ca.

Exercises'2c.

1. Indicate whether the following statements are false

or true.'

If true state the property upon which your answer

epends.

( a ) 6 ( 1 4 5 ) = 6 . 1 4 + 6 . 5 (a)

(b) 6 + (4.5) = (6 + 4).(6 + 5) (b)

(c)' 73 + 7 = 7 + 73

(4) 5.(7 + 4) (6.7) + 4

(e) 6.19 .= 19.6

(t) 5(20.17) = (5'20).17
(g) 5.(3.4) = (5.3). (5.4)

0) (5 + 7) + 6 = (7 + 5)1 + 6

(i) (5 + 7) 6 = 6 + (5 +

(j) (5 + 7) + 6 = 5 + (7 + 6).

3.4 + 5 .6 = 4.3 + 5.6



(1) (12 + 88).(100 + 10) + 88)100 + (12 + 88)10

(m) 3.7 +,8.2 = 8.2 +' 3.7 (1) (m)

EXplain why you get the same answer whether you 7

add the column of figures/up..or''down. 5

The properties we have listed are certainly=simple, but

they are also fundamental. You may mot that they are

anddMental because most of the time you use:ihem without

thinking aboWthem. To gain some appreciation` of their

importance, consider the fact.that With addition and multi

piicat* tables only for the numbers1.1 ,through 9 sand

the rules 10710 = 100, 1Ct7100 = 1006; we can add :4

---arid-miltipiy any tw-o:whole numbers using' simple i)rocedures.

How is this.popdible? 'What justifies,

23 1.

/ I

61
.

for example? .

'Using place value'notation the-associ tive and commutative

properties of,addition, and the distributivq-property, we

proceed in the following way:

23 + + 3) + (3710 + 8) Place value of digits,

=.[(2.10`t 3) + (3.10-) 8 Associative property
of addition

= [(%10) +.(3 +-3. 10) ] + 8 Associative property

. ,

of addition,.

[(2.10) + 43.10 + 3)] + 8 Commutative property
of addition

. ,

[(2,0k+ 3.10) + 3] + 8'

(2.16 + 3*.10) + (3' + 8)

= (2 + 3) .10 + (3 + 8)

Associative property
of addition

Associative property
.of addition

Distributive prc ertY
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The zums ih parenthesis are known from addition tables. We have

23 + 38 = 5.10 + 11

23 + 38 = 5.10 + (10 + 1).
Addition table

Place value of digit

Finally using the,associative and distributive properties again
we hayC , `

23 + '38 = -(5:10 + 10) + 1 Associative property
-of addition

23. + 38 = (5.10 + 1-10) +i Since 10 = 1.10

23 + 38 = (5 + 1)-10 + 1 Distributive property

23 + 38.= 6.10 + 1 Addition table

23 + 38 = 61 Place value of digits.

Exercises 2d.
ir

, 1. Use th* properties fv, the nat 'al numbers and the
given definitions, '

2 = 1 + 11 3 . 2 + 1, 4 = 3 + 1,
to prove

2 + 2 = 4.

2. One way ormilltiplying 32 by 23 Without pericil

paper is: 20 times 32 is 640, 3 times 32 is 96

and the sum of 640 and 96 is 736. Explain whys

this gives the correct answer.
3. Assume that you know only addition and multiplication

tables from the number 1 to 9, and that 10.10 = 100.
Explain each step in multiplication 23

.8
184.

Which step corresponds to nearryil 2"?
4. Perform the indicated operations and give the reasons

for 'each step in the operation.

.(a) 13 + 25 (e) 25 x 34

(0 38 + 44 '(sr) 12 x 100
(c) 16 x 1) (g) 123 x 100
(d) 86 + 35 (h) 762 x 379,

11
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Multiplicative identity element: In.the precedlnt when we

said 1.10, we used an important property of operations.with

whole numbers.' This is the property of the,number 1:
;

a1 = 1a a, for all a. The number 1 is the only

number with this property, When there is only one element

with a given property we will say it is uniqueBecause.,

of its peculiar property the number 1 plays an,important

role. We shall call 11 the identity element for multiplication

or multiplicative identity element.

Multiplicative identity element property: There i8 a

unique element,,' 1, such that for all a, a.1 = 1a = a.

Additive identity element: Whatis mean by an additive. .

identity element? We mean a number x with the property

that a + x = a for all\ a. There is no additive identity.

among the natural numberi, but one is desirable evenfor s-

the'simple processes of arithmetic: it is for./this reason

that 0 Is introduced. The number 0 has the property of an

additive-identity that a + 6 = 0 a= a for all a, and

0 is the only number with this property.

Additive identity element property: There is a unique

element, 0, such that for all a, a + 0 = 0 + a = a.

Subtraction and division: We have not yet mentioned sub-

traction and division. The reason for this is that subtraction

is defined in terms of addition and division is defined in

terms of multiplication. To say that x = b -\\a ls to `say

that x is a solution of the equation a + x = b. Thus

2 = 5 3 means that 3 + 2 = 5, and 7 = 11 - 4 means

that 7 + 4 = 11. We say that subtraction is the inverse

of addition.

Definition of subtraction: x = b - a means a + x = b

The symbol b - a is read "b minus 'a,"- and is called

a difference.

12
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10;
, .

In-the same manner, division is defined as the inverse

of'multianation. 2 = 6 3 means.that 3.2 = 6 and

means, that 5.3 15. -Generally x = b/ a means

that x 'is-the solution of the equation ax = b.

If a = 0, thdn for'all values of xl- a.x = DI so that

if .b L 0, there is no x such that ax = b. (The symbol

).4 is read "is not equal to..") However if b = 0, then'-

value of x satisfies the equatidh. To avoid this

situation we exclude division by zero.

DefiNition of division: x means .a..x = b and a / 0.

b'The symbol
.-

(or b/a) is read "b over a," and is called .a
1 a fragtion.

The' equations a + x Ix and ax = b, in terms of

I ' ',which, subtraction and division are defined, are among the

simPlest equations of algebra. Yet, with these equations

we run into trouble if, as we are assuming here, the only

, numbers we know are the natural numbers and-zero. The

trouble is that some of these equations may not have solutions.

met equations

5 + x 3. , 11 + x = 7

6.x =3 , 15.x =5
are examples of equations which do not have whole number

ablutions.

In the case of the. equation a + x = b we can say that
.the equation has a solution if b is larger than a or

equal.to a; and otherwise does not have a solution. In

these of the equation, ax = b we can say only that it

. has a solution if and only if .a divides 'b, which is
,

saying that the equation has a solution if and only if it

has a solution which, you will agree, is not saying much.

.In either case we can make no general statement about the

- solutions of these equations. To be able to say anything

about the solutions we' have, to know whatN4pecific,numbers

a7 and b represent.

13
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An important feature of algebra is generality.' An

indication of this is the. use of letters to stand for_numbers,

which'is one feature which distinguishes algebra from arith-

metic. One reason for the use of letters is that we wish to

make statements about relations between numbers without

having 'co specify the numbers. If we have to be specific

in the case of the simplest algebraic equations the develop-

ment of algebra is blocked at the beginning. The disire

for a system of numbers in which the equations a'+ x = h

and ax = b always have unique solutions is the mathematical

reason for the creation of the new numbers which we will

call integers and rational numbers. -

Cancellation properties: Although we can make no general.

statement about the existence of solutions of the equations

a + x= b and ax = b if a and b are whole numbers and

x is required to' be a whole number, we can make a general

statement, about the uniqueness of solutions. We can say

that If the equation a + x = b has a solution it has

only one solution. Another way of saying this is:

If a + x =. a + y, then, x = y. For example, if

5 + x.= 8, or

5 + x = 5 + 3, then

x = 3

We can make a similar statement about the equation ax = b.

If a / 0 and if ax = ay, then x = y. For example, if

6x = 18, or

6x = 6.3, then

x = 3

These statements express important properties of addition

and L-ltiplication; we will call them the cancellation properties

of addition and multiplication. Because.of the commutative

properties of addition and multiplication we can also write:

If x + a = y + a, then x = y; If a / 0 and x.a = y-a,

then x = y.

I 4

F-



Cancellation property of.addition: For all a, if

a +x=a+y( or if. x+a=y+ a), thenx= y.

Cancellation property of multiplication: For all a,

except a = 0, if ax = ay (or xa = y.a)10.then x = y

Exercises 2e. (Oral)

Find the whole number solutions of the following equations.

Indicate which equations have no whole number solutions. Also,

state which cancellation properties are used in finding the

solutions.

1. x + 7 = 7 7. x + 11 = 12

2. 8x = 72 8. 32 = 2x

3. 9 + x = 19 9. 13 = 3 + 2x

Lt. 8 = + x 10. 13 = 2 + 2x

5. 2x = 0 11. 9 + 2x = 93

6. 3x = 2 12. 28 + 3y = 1
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3. Number Systems

By a number system we shall mean a set of. numbers for

.Which addition and multipli,:tion are defined art have all

the properties listed in Section 2. The set of whole,

numbers is a number system; in later sections we will

learn about others. We summarize the properties,of a

number'system below.

Properties of a Number SyOem

Closure If a and b are in-the system then a + b is

in the systgm.

If a and b are in the system then -a.b is

in the system.

Commutative For all a and- b, a + b =.b + a

For all a and b, a-b = ba

_--Associative For all a, 'b and c, a + (b + c) = (a + b).+ c

r:Tor all a, b and c, a(bc) = (a'.1p)c

Distributive For all al b and c, a(b + c) = ab + ac

(b + c)-a bea + c.a

Identity element There is a unique element 0, so that for

all a, a+0=0+a=a.
There is a unique element ,1,sothatjor

all a, a1 .,1a = a
Cancellation For all a, if a + x = a + y, then x = y

For all a, if x+a=y+athen x= y
For all a, except a = 0, if ax = ay then

x = y

For all a, except a = 0, if xa = ya, then

x y

An equation involving letters whidh is a true statement

when the letters represent any numbers in a number systeM is

called an identity equation, or briefly an_identialin the

system. ,(The word identity here has no relation to the word

identity in the phrases "additive identity,element"
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"multiplicative identity element. ") The equations iri the

statements of the ,associative, commutative, and' distributive

Properties are identities in every number system. Using

these properties and the others stated above as axioms. or

Postulates we can establish other statements,-in particular

identities, as theorems.

In proving theorems we will often use statements such

as: if a = b and b = c then a p c; if a = b and c = d

;then a + c = b + d. Such statements are consequences of the

/meaning of equality and the meaning of operation. The equation

a = b means that the symbols a and b represent the same

; number. Thus, if a and b, represent the same number and

b and c represent the same number, ,then a sand d -rerresent
1

the same number. If a and b represent the same number,

and c and d represent the same number, then 8.4 c and .

b-+ d represent the same number; namely the number assigned

by additioh to the ordered pair of numbers which can be

represented either by (a, c) or by (b, d). When we use

statements such as the two we have discussed we will say

that we are using substitution statements.

As a simple illustration, consider the following

Theortm.,1 For all a, b and cl a + (b + c) = (c + a) + b.

Proof: b + c = c,+ b Commutative property

c + a = a + c -Commutative property

a + (b + c) = a.+ (c + b) Substitution

. (a + c) + b Associative property

= (c + a) + b. Substitution.

Thecirems such as the preceding are necessary because

addition and multiplication are defined only for pairs of

numbers. .We may use the symbol a + b + c for the sum of

three numbers only because of the associative property'Of

addition. If addition did not have the associative property

a + b + c might mean (a + b) + c or a + (b + c)/ and

these numbers would-not be the same. Similarly we may

17
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write a + b + c = c + a + b, but only because of Theorem...1

and the associative property: There are many similar identities,

a+b+c=c+a+b
=c+b+a

L-f-b+c+a
=b+a+c
= a + c + b,

and corresponding identities for multiplication. Instead

of stating.and proving all of these as theorems, we Shall

accept them, as proved, and say that we are using associative

and commutative properties when we use them..

There are many statements in algebra which are actually

theorems evethough we dontt usually call them theorems.

in particular, every equation involving letters which

obtained when "simplifying," "multiplying out" etc. 16 fin.

identity, and\ hence a theorem. The following examples

illustrate thiS\

Example: Simplify 34'x + 4(x + 7).

Solution:

3x + 4(x +7) = 3x + (4x + 28) Distrithitive Rropbrty

(3x + 4x) + 28 Associative,proRerty

= (3 + 4)x.+ 28 Distributive property

= 7x 4. 28 ,

Example: Multiply out (a + b)2

Solution:

(a + b)4 = (a + b)(a + b)

= a(a + b) + b(a + b)

= (aa + ab) t (ba + bb)
= (a2 + ab) + (ab + b2)

(a2,+ .2)
+ (ab oh)

= (a2 + b2) + (1. ab + 1 ab )

2 2%
= + b + (1 + 1) ab

= a2 + 2ab + b2

18

Distributive property

Distributive propOrty

CommutatiVe prdperty

Associative, and
commutative- properties

Identity element
property,

Distribut=ive property

Associative and
commutative properties'
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,Exereises 3.

Simplify each of-the following expressions, justifying

eachIstep as was done in the'illustrative examples.N.
1. 2(5a + b) + 3(b + 2a)

2. (3x) (2y)

3 . (x + 3) (2x + 3)

4. a + 3(a + 4)

.

5. x2y + 5 + 3x2y +\

6. a(b + 2) + a(b.+ )

7. 2a
2
+ 3b

2
+ 5b

2
+ ra

2

8. (6x + 9) (2x +-2) 3x + 18

9. (x + a) (x + b)

10. (a + b) (x + y)

11. (ax + b) (cx + d)
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We have defined subtraction in terms o he equation,

a +x = b.

The statement x = b - a means that x is a solution of this

equation. But in the system of whole numbers this equation dOes

riot always" have a solution, and hence b- a does not afWays

have meaning. .For example, the equation 5 x = 3 does not have

a solution in the system of whole numbers; and hence 3 -"5 has

no meaning in this systeM.

Thus, for the purposes of algebra it is desirable to enlarge

our system of numbers so that the equation

a + x = b

always has a unique solution. To do this we join tp the set of

natural, numbers and zero the set of negative integers -- numbers

'represented by -1, -2, -40' ...,7-and then define addition and

multiplication in this new set, in such a way that all Of the

properties'cof a number system hold.. The hew system-of numbers

is called the system of integral,numbers or integers,. The system

of integers is an extension of the syst of wholenumbers. By

this we mean that the whole numbers are In the''new system and that

the operations of 'addition and multiplication applied to whole

numbers yield the same result as in the system of whole,n-umbers.

Properties of the system of integers: As a number system, the ,

system of integers has all the properties listed in Section 3.

The additional pi-operty=it possesses is the following.

Subtraction property: For all a amend_

such th\at a + x = b.

there is a unique x,

As examples consider the following equations which do not

halle solUtions in the system of whole numbers

5 3 11 + x = 7,

In the sy tem of integers these, equations have the solution's -2

and -41 respectively.

2 0
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Exercises 4a, (Oral)

Find all integer solutions of the following equations`. If

an equation has no integer solutions the correct answer is "none."
' 1.

2.

.3.

'4.

t 1.2-

9z. 15

2x + 26

+ 3

7

.8
= -15

.5.

6.

7.

'8.

z + 3 = 2 + z

5x 3 = 18

5x + 18 . 3

3y + 2(7 + 2y). = 19.

Why is it necessary to introduce the negative integers and

to operate with them as we do to get a system which has all the
properties we desire? Let us forget about the integers now and

.just suppose that we have some numper syStem which -is an extension

of the system of whole numbers and which has the subtraction
property. We,will-show that the -negative integers must ,be in

r

this system and/that the rules of operation with them must be the
familiar rules of oper4ion:

Additive inverse'elements: According to the subtraation property

the equation

a + x = 0
_

always has one and only' one solution. For a given' a we,will call
the unique solution of-this,equation the inverse of a for

addition or the additive inverse of a, and denote it by -a.

The property which defines -a' is therefore

a + = O.

Observe that because of the commutative property of addition we
have also,

a + a = O. .

Definition of additive inverse: -a is the additive inverse of. riem.
a means a + (-a) = -a + a = O.

For example, corresponding to the number 5 there is a number

-5 with the property that

5 + (-5) = -5 + 5 = 0,
and x = -5 is the only number for which

5 + x x + 5,. 0.

21
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4

The symbol Ara is read "minus a ", '" negative a" or-"opposite of a."

The.21kddittve inverses of the natural numbers are what we call

the negative ,integers. As we shall Show below -(-a) = a, so the

additive inverses ofthe negative integers are the natural numbers.

For this reason, the natural numbers will also be called the 6

positive integers,

Let,us prove the statem6nt.we just used.

Theorem 3: For all a,. -( a) = a.

A"
.

Proof: We have

-a + [-(-a)] = 0 Definition of additive inverse

-a + a = 0' Definition of inverse.
a=

-(-a) 11= a Subtraction property,

since by the Subtraction property the equation' -a + x.= 0 haS

'only-one solution.

Now, using the equation a + (-a) = 0 which defihes the

negative integers and properties of a number system we pan find

the rules for operating with the integers.

Subtraction and additive inverses:

Consider_the equation a + x = b. As in Section 2 we denote

the solution of this equation by b - a. Now however the symbol

always indicates a perfectly definite number, for by the subtraction

property, the equation a + x = b always has a unique solution.

. Thus, subtraction is an operation defined for all ordered pairs

of integers.

We shall now establish an important connection between

subtraction and additive inverses.

Theorem 4: For all a and b, b a = b (-a)

a + (-a) = 0 Definition of additive inverse

[a + ( -a)] + b = 0 + b Substitution

[a + (-a)] b = b, Additive identity element property

22
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a + (-a + b) = b Associative property

a + [1? + ( -a)) = b Commutative property

b - a = b + (-a) Definition of subtraction.

We shall refer t^ Theorem it as the theorem on subtraction. It

states that a number is subtracted by adding its additive inverse.

Addition: The theorem on subtraction 1.,91 also part of the rule for

adding positive and negative integers. For if b is larger than a

the eifluation a + x = b has a solution in ,the system of whole

numbers. Since our new system is an extension of the, system of
.

whole numbers the solution of this equat+on, that is, b - ap,in*

our new system must be the 'same whole number. Thus, for- example,

5 + (-3) = 5 - 3 = 2 and 17 + (-11) ,= 17 - 11 = 6. To'find the

' sum. b.+40.) when a and b are natural numbers and a is

larger than b - -for example, to find 3 + (-5) and 11 + (-17) --

we need another theorem, namely the foll6wing.-

Theorem 5:- For all a and b, b.+ (-a) = -(a - b)

Proof: The proof of this is left for the student as an exercise,

(Exercises 4e, 13). For hints on procedure, see the proof of

Theorei 6 below.

Using Theorem 5 we get, for example, 3 + (-5) = -(5 - 3)=

-2 and 11 + (-17) = - (17 - 11) = -6. Thus, with Theorems it

and 5 together, we can-find the sum of two integers in every case

in which one is positive and one is negative.

-Tb_complete the discussion of addition we need the following

theorem, which enables us to find the sum of twO negative integers.

Theorem For all a and b, -a + (-b) 7 -(a + b)

Proof: We have

a + (-a) = 0, b + (-b) = 0 Definition of additive inverse

[a + (-a)] + [b + (-b)] = 0 + 0 Substitution

23 ,
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Ea. + (-44+ (b + (-b)1-= 0 Additive identity property

(a + bj + ((-d) + (-b)] = 0 Associative and commutative p.L'operty

+ bj [-(a + b)] = 0 Definition of additive inverse

(-a) + (-b) = -(a + b) Subtraction property,

Since by the subtraction pi;operty the equdtion (a + b) + x = 0

has only one solution.

Using Theorem 6 we find for example -3 + (-5) = -(3 + 5) = -8,

and -11 + - (11 + 17) = -28. Thus, with TheoremsAl 5,

and 6, and the rules for adding whole number8, we can'find the'sum
)

of, any two integeft. We can also use these theorems, and the

Theorem on subtraction, and Theorem 3, to find the difference of

any two integers., as indicated in the following examples.

Examples:

2 - 3 =

=

=

2 + (-3)

-(3 - 2

-1

2 - (-3) = 2 + -(-3))

= 2 + 3

= 5

-2 - 3 = -2 + (-3)

= + 3)

Theorem on subtraction

Theorem 5

Substitution

Theorem on subtraction

Theorem 3 and substitution

Substitution,

Theorem on subtraction

Theorem 6

= -5 Substitution

Exercises

Perform the indicated operations.

1.

2.

3.

4.

5.

6.

7.

8.

12 - (-12)

12 + 12

(-8) - (-4)

(-8) - 4

(-6) + (-2) + 3 + (-5)

(116 + 88) + (-16)

7 a + (-a)

(-9 0.a) + (-7 a)

+ 8

24
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9. (10 - 12) +.(x - 14) + (20 + x)

10.i [1 + (72) ) - [(-6) + 3]

Multiplication:.

In a similar way we can prove two theorems which enable us to

find the product-of any two integers',

rt.Theorem 7.: For all a and b2. (-a). b = -(a b).

Proof: we hav,e
'

a + (-:a) = 0 t Definition*-of'additive-inverse.

[a +-(-a)] b = 0 b Substitution

. '[a + (-a)) b = 0 Theorem 1

a' b + (-a) b = 0 Distributive property

'.a..., b +*(d b) ] = 0 Definition' of additive inverse

- 1a .-b) = (-i) b Subtractidi property
.

.

since by t eisubtraction Properti- the equation (a ..b) + x*. D.

has only ope lution.

Examples: (-5) 3 = -(5'. 3) = .-15

(-1) x = -(1 .'x) = -x

Theorem 8: For all a and b, (-a.,) (-b) = a . b. dorms.,

Proof: By

(-a)

the precedlng. theorem we

(-b) = -[a (-b)]

- [(-b)

= - [-(b a)]

= b a

a b

Examples: (-5)(-3) = (5 3) = 15

(-1)(-1) = (1 1) = 1

25
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Exercises 4c.

Perform the indicated operations.

1. 5 (-2)

2.

3.

4.
5.

'6; 7 (-93) + 7.93
7. 3 (c_ - 1) + (k - 2)

8. (-2)(-3)( -1)

9. 7 (010)
10. 4(a +Y + (a + b) + .(-3)(a + b)

(-5). (-2)

(-2) 5 (-8)

(-3) +.2 (-6)

[(-3) +.2) (-6)

We emphasize that the theorems we have proved in this section

are true statements - -and have been proved--for au -integers a
to

a b;- they state identities in the system of integers. It is

t e, but irrelevant, that in most of our examiSI a .and' b have

been'positive integers.

(

Example: Taking a = b = 2 in Theorems 3 - 8 we obtain

the following.equ'ations.

-[-(-3)] -3 Theorem 3

2 - (-3) = 2 + (-(-3) 1 Theorem '4

2 + (-(-3)j = -(-3 - 2) Theorem 5

I-(-3)) 2 .= -1(-3) +. 2j Theorem 6

(-(-3).] 2. = -[(-3) 2j Theorem 7

[-2)--: (-3) 2 Theorem' 8

The theorems we have proved th.3 far, together with the

properties of a number system, corstitute a basic set of identities

in the system of integert,afrom which many other identities for

the integers'can be derived. In particular, we can use these basic

identities to "simplify" expressions involving subtraction as'well

as addition and multiplication. This is so because the system of

integers is closed under subtraction: Subtract6on is defined for

every oraered pair of integers, and the JOsult is-an integer.

'2 6 ,



. in the following examples he equations we derive are

idendties in the system of integers. Instead of .proceeding, one

step at a.time in the solution,, we have combined several steps

'where thj,s can b done without obscuring.details. The students'

should fill in these details.

INE1112:' Perforni the indicated operation: 7. a - 3 a

,Solution-: 7 a - 3 a'= y a + [-(3 2)]

= a + (-3) - a

= (-3)] a

= a

= 4

Dasat: Simplify (a + b) (a - b)

Solution: (a + b) (a - b) = [a + b] [a 4:17b))

= a [a t (-b)] IVsb [a + (-b)

=a a +a (-O.+ b a +b (-b)

= a2 - Cab) + - b2.

= a
2

b

......-

ItshetticrEirOted that subtraction, like addition and

multiplUation, is defined only for a pair of numbers. EXpressions

involving three or ,more numbers without parenthses, such as

x - r + z, may be used as abbreviations only when there is no

danger of confusion. Thus, x - y + z might mean (x\7. y) + z

or x + (-y z) ; and if we wish to use x - y - z as ark

abbreviation we must show that

(x - y) + z = x + (-y + z)

`for all x, yland z. We have x y = x + (-y)

x y = x + (-y) Theorem on subtraction

(x - y) z = [x (-y)] + z Substitution

(x y) + z = x + (-y + z) Associative property.

Thus, there is no danger of ambiguity in using the expression

x y z.

27
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Summary: Let us look back at what we have done. We have assumed

that there is a number system which is an extension of the.system

of natural numbers and which has the subtraction property. We

defined the negative-integers to be the additive inverses of the

natural numbers. The natural numbers, zero, and the negative

integers were then called the integers. We then discovered the

rules for operating with these integers. These were the familiar

.rules, but they were not just stated or discovered by intuition.

They were obtained as logical consequences of the properties of

a number system and the subtraction property.

We have not said that the system of integ:rs is the only

system having the required properties: There are others. Our

discussion shows that any such system must include the integers,

and the system of integers is-the smallest system having the

required properties.

For reference we list below the properties, definition,

and theorems formulated in this section.

Subtraction property: 7or all a and b, there is a unique

k, such that a + x = b

-Definition: Additive inverse-- -a is the additive inverse of

a means a. + (-a). = -a + a = 0.

Theorem 3: For all -(-a) = a

Theorem 4:

Theorem 5:

For all a

a

and b,

b,

b - a = b + (-a)

b + (-a) = -(a - )For all and

Theorem 6: For all a and b, -a + (-b) = -(a + b)

Theorem 7: For all a and b, (-a) (b) = -(a b)

Theorem 8: For all a and b, (-a) (-b) = a b

28
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Exercises 4d.
Perform the indicated operations.

1. (a b) 2a

2, 3x + ( 2x 5y)

3- 3x - (-2x + 5y)
4. [x + (x - y)] + 2(x - y)
5. -2(3x - 5y) + 10 (x y)

6. (a2 tab) [(b2 - 3ab) + (a2 - b2)]

7. ,(4x - 15s) - (3a - 5y) + (8x + 7y)
8. 2x (3x - 7)

9. -2x2 (-5 + 2Y)
10. (x + y) (x - 2y)

11. (3x + 4y) (2x. - 5y)

12. 3x2 (3 - x 3x2
)

13. -2ab2' -3ab) (5a\

14. (y - 5 ) (y2 - 4y 4)

15. (4c - 1 )(c2 + 5c 6)

16. 3x(x 2y) (x + 2y)
17. (2x 5y)2.

18. (2x - 3)(4x + 1)
19. -(2 - b)(2 b) + (b - 2) (b + 2)
20. [3 (a ± b)]2

21. (3a + b)(2a 5b) (5b 2a)(a 4b)

22. .(3 y) (2 + x)
23. (X + d ) (x2 + c;x + 6)

24. [(a b) - 2c][(a. b) + 2c]

25. [3x - (y .z)][3x - (y z)]

29
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26. ((2a + b) - 5)[(2a +,b) + 2]
27. [a + b +t3fir + s + 3]
28. -(x - y + m n) (x + y - m + n)

29. (2x - y + 2)(2x y z)

30. (b2 + 2b + 1)(0 - 2b - 1)

31. (2r,- s t)2

32. (x 2Y)(X2 217

33. . (x + y)(2x + 3y) 11(5;2 - x2) + (y 6x) (y +x)

(x + 5) (x2 - 5x + 25)

35. [(x + Y) + 3][(x + Y) - 3)
36. (a - b)(a.+ b) + 2b(b + a) - (a - b)2

Exercises ke.

Prove the following identities.

:1. (x + y) - y =

2: (7 - y) + y = x

3. x - (y + z) = (x - y) - z

4., x -.(y - z) = (x - y) + z
5. (X y ) - z = x + (y - z)
6. (x y) - ,z = (y +

7. ,//(x)(Y)(-6) = -(xY6)

8. (-x)(y)(-6) = xya

9. a(b - c) = ab - ac

10. (a - b)
2

. a
2

2ab b2

11. (a - b)(a2 + ab + b2) a3 b3

12. (a + b)(a2 - ab + b2) = a3 + b3

13. b +_(-a) = (a - b) (Theorem 5)

30

-SA



-27-

5 Factoring

Quite often we wish to represent an algebraic expression

as a,prdduct. This is called factoring the expression.

Factoring is useful, for example, in the simplification of

fractions and in connection with the solution of equations.

In the simplest cases, an-expression can be factored

by usirg the distributive property one .or more times.

Example: Factor 2x2 + 3x

Solution: By the distributive property

2x
2
+ 3x = (2x + 3)x

There is no 'systematic procedure for factoring an

expression; in fact, it generally is not possible to factor

an expression. Essentially the only way'one can factor an

expression is by recognizing it is a product whose factors

one knows. For this reason it is important to remember

certain identities obtiined by "mulitplying out" simple

factors. The following identities in the system of integers

are particularly useful.

For all a, b, and c ab - a(b c)

For all a, and b, a
2

- b
2

= (a + T bY'

For all a and b, a2 +'2ab + b2 = (a + b)
2

.

' PoI.. all a and b, a
2 - tab + b

2
= ka b)

2

For all a, b and x, x
2
+ (a + b)x + ab = (x + a)(x +b)

For'all a and b, a3 + b3 (a + b)(a2 - ab +

For all a and b, a3 - b3 (a - b)(a2 + ab + b2)

The proofs of these identities were given in the examples

and exercises of the preceding sections.

Example: . Factor x2 9

Solution:. x 2 - 9 is equal
2

b
2

if a = x, and b = 3.

Since a
2

b-2 - (a + b) (a b) for all a and b,

we have x2- 9 (x + 3) ( - 3).

31
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le: Factor x 2
+ 3

eautigni i
2

- 4x + 3 will be equal to x2 +(a +b)- x + ab

if ab = 3 and a + b = -4. 'The only integers

a, b which satisfy 'ab = 3 are a = 3, b = 1

and a -3, 1 ) - 1 . (a'. ), b . 3 and

a = -1, b = -3 are also possiblii, bit provide

nothing new.) a = -3, b = -1, also satisfy

a + b = -4. Thus with a . -3, -1, -x2 4x + 3

Is equal to x2 + (a + b)x + ab, and since

x2 + (a + b) x + ab = (x + a) (x + b) for all

,a- and b, we have.

x2 . 4X + 3 = [x + (-3)][x +

2x - 4 x + 3"= (x.. 3)(x - 1)

Because of their usefulness in factoring the identities

we have listed are sometimes called factoring identities.

However any identity obtained by "multiplying out" several

factors can,be used as a factoring identity just as we have

used those in our list.

We stated that factoring is important in connection

with the solution of equations. This is a consequence of

the following theorem.

Theorem 2:

If a 0 or b = 0 then ab = '0

-If a.b = 0 then a = 0 or b. = 0.

Proof: To prove the first statementof the theorem suppose,,

say, that b = 0: Then

1 + 0 = 1 AdditiVe identity property

a(1 + 0) = a1 Substitution

a1 + a0 = a1 Distributive property

a 4- a Multiplicative identity property

and ab = a0 = 0.

a + 0 = a Additive identity property

a0 = 0 Cancellation property of
addition

32
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To prove the second statement suppose a b = 0: If

a = 0 the theorem is proved. If a = 0 the theorem is

proved. Suppose a = 0. The a.b = 00. and by' the first

statement of the theorem, a0 = 0. Thus by. substitution

a = a0. Since a = 0 it follows frpm the cancellation

property of multiplication on that b = 0.

The two statements of Theorem 2 are usually combined

in the single statement: "a.b = 0 if and = 0

or b = 0." In words: " product is zero if and only if

one of its factors is zero." Notice that "or" isjised,

as'is customary in mathematics with "or both" understood.

Example: Find all solutions of the equation x2 - 4x + 3 = 0.

Solution: We showed in the preceding example that x
2 - 4x + 3

= (x - 3)(x 1) for all x. Suppose the given

equation has a solution x. Then

x2 - 4x + 3 = 0

(s - 3)(x - 1) = 0 0

so that by the preceding theorem, either, x 3.=0
,or: x 1 = 0. If x - 3 = 0 then x = 3; if x 1 = 0

'then x = 1. Thus, if the,equation has a solution it must

be either 3 or 1. By substitution we verify that both

3 and 1 are solutions of the equation.

Exercises 5L

Factor each of the following.

1. ax + ay

2. 5x2y3 + 30 y5

,..

3. 3bx - ob
2
y

4. lkcd + 6ce - 2cf

5. y2 - 25

6. 49 - x2

33
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5. 72 - 25

6. 49 - x2
7. 9a2 16b2

8. 4x2 - 64

9. 16 - 25a2

10. x2 + 4x + 4

11. 4x2 - 12xy + 9y2

12. x2 + 9x + 14

13. y2 + 2y + 15

14. 14 - 5w - w2

15 y3 + 27

16. x3 - 64

17. C9 + 1

18. 27a3 - 1

19. ac3 - 64a

20. a(x +y) + b(x + y)
21. x(a - b) y(a b)

22. a3 - a2 - a + 1
23 (3x - y)2 - 9u2
24. 9 -7 6ab a2 - 9b2

h
25. 5.fa2b2 - 2a2b5

*26. 6 6x - y
27. x2 + 5 x - 36
28: mx2 12mx + 36m

29. a
4

- 16

*30. , 36 - 25x2 + 4x14



31. 80a2b3 5b

32. a124- 125015
33. mx + my + nx + ny

34. bx - by + cx - cy

35 t3 - 5u - 5t + u3

36. x2 - y2 x + y

37. 8a3 - 1
38. 24 - 2y y2

39 9r2 - 28 - s 2

4o. 1.7
2 - 11w + -24

1+1. 9c 2 - 1
42. *8.4 - 3a2 -
1l3. y3 + 2y2 - 5y - 10

44. a6 7a3 - 8
45. x2 (a - b) + y2 (b a),

46. 64 - 16a + a2.

47 ck - 25

48. 'c3 + (13

49. 27r. y + y
50. ab2 - ay2

n 2 251. olx loy

52. -3y2 + 15y + 42

53 27a3 + 8b3

54'. x2 - 4x + 6xy 24y

'55. 0x
4 - 2cx2 - 8c

-31-
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56,'' 6m2 - 73am + 12a2

57. 3r3t + 192t4

58. 2w2 + 3w - -1Cmb - 15b

59. 64a3b - 8b4

60. 8x
4
y
2

20x3y2 1x2y2

61. 3a2 - ha - 15

62.' bx2 + x3 - by2 xy2

63. 1 + 49432 - 146

64. 18 - 45x - 8x2

65. av - 21m; + 2cV - 7am + 14bm - 14cm

-32t-

66. 5k2 + 28kw - 12142

67. 12x
4

- 23x
2
y
2

+ 5y4

68. x3 .L ''9x2y + 27xy2 - 27?

69, 49.
4

- 21"a
2

- 25

70. (c d)3 - (a - 2b)3

71. 35()(4 3xy) 15(x3y - 3y2)

72. (x + y)3 +"(a 3b)3

73. 6st - 9s2 r2
t2 lOr + 25

74. x - 2x
2

+ 1

75. (2x + 4)4 - 18 (2x + 4)2 + 81

Exercises 5b.

Find all solutions of the following equations.

Check by substitution.

1 . y2 - 7y + 12 = 0

2 . x
2

7y - 18 = 0

3. x2 - 3x - 10 . 0

4 . x
2
+ 2a - 24 8 - 2a

3`



5. x2 - 2x - 8 = - 9

-33-_

6. x2. x + 1 = 1

7 2x
2
+3x + 1 = x2 + 2x + 1

8. 25x2 100 = 0

9. 2x
2

= x
2
+ 9

Exercises 5c.,

1. "Multiply out" (x +a)2(x + b) and use the resulting v

identity to factor:

(a) x'3 - 3x2.+ 4; (b) x3 + 5x2 -I. 7x + 3;

(c) x3 + 3x2 + 3x + 1.

2. Write an equation in x which has x = 1, x .2 and
x = 3 as solutions, and has no other solutions.

37
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6. Rational Numbers

. In the system.of integers the equation a +xub
,

always has a solutidn, but it is still not true that the

equation ,alx = b always has a solution if .`a 0. Since

we haye defined the quotient -a-. as the solution of the

equation a.x='b, it follows that 1-1. does4lot alwayS have

meaning in the system of integers.. For example, the

equation 5sx = 3 has no solution in the system of integers,

and hence has no meaning in this system.

Again it is necessary to enlarge the number system.

Todo this we join to the set of integers the set of all

-fraction&
a

where_ a and b are integers. and a = 0.

We then define addition and multiplication in this new set.

The,new,number system is called the system of rational

numbers.

The system of rational numbers is an extension of the

system of integers; that is, it contains the integers, and

the operations oPaddition and multiplication applied to

integers yield the same resultas in the system of integers.

Properties of the rational number system: The system of

rational numbers has all the properties of the system of

integers, namely, the properties of a number system and

and the subtraction property. The additional property

.which the system of rational numbers possesses is the

following

Division Property: For all a and b, a i 0, there is a

unique x such that ax = b.

As examples, consider the following equations which do not

have solutions in the system of integers:

5.x = 3, -7.x = 11.

In the system of reational numbers these equations have

the solutions and _11 respectively.
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'Now let us forget that we know the rational numbers and

just suppose that we have some number system which is an g*tension

of the system of integers and whiCh has the properties of a

number system, the subtraction property and the tivision property.

Wewill show that the raticnal numbers must be in this system

and find the rules for operating with them.

&tercies6a
.

.

Use the definition of division and The division property

to prove the Following statements.

1.
a
- = 1 a 0 4. --1gra- -a
a

2.

3.

a
T a 5 a '

0
°

a 0

a /4- 0-

Multiplicative inverse elements: According to the division

property the equation
ax = 1

has one and only one solution for each a except a = 0. For

given a j 0 we Call the solution of this qua-tion, which is

denoted
1by , the multiplicative inverse of a. The property
'. 1

a
a-4)(--- 1

which 'defines - is thus.' .

Observe that because of the commutative property of multiplication

we have also

(0.a = I

Definition of multiplicative inverse: The multiplicative inverse
1 1

of a is the number -g such that (i).a = 1 .

For example, corresponding to the number 5 there is a number

with the property that
D

= 5) = 1,

1and x = 5 s the only solltion of the equation

x5 = 5.x = 1.
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1
The symbol -a- is read "one over a" or "the reciprocal of a."

Division and multiplicative inv rses: Consider the equation

aic = b, a / 0. As in Sectio 2 we denote the solution. of

this equation by T. Now, however, the symbol always represents

a definite number for by the division property, the equation

= b has a unique solution if a / 0. Thus in our new

. system, division is an operation defined for all ordered pairs

of numbers, except that,division by 0 is not defined.

There is an important connection between division and

multiplicative inverses similar to the connection between

subtraction and additive inverses. .

(Theorem 9. For all a acid by a / 0, 111 b.(i)

Proof: a(a) = 1

b[a(0) = b1

b[a(i)] = b

(ba)(a) = b

(ab)(a) = b

a[b(i)) = b

But a4) = b

So = b(i)

Definition of multiplicative :./5'

inverse

Substitution

Multiplicative identity
element property

Associative property

Commutative property

Associative property-----

---
Definition--6f division

-Division property,

since by the division pr-pe-y the equation a.x = b has orly

one solution.

e shall refer to this theorem as the theorem on division .

states that division by a number is the same as multiplication

by the multiplicative inverse of the number.
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Equivalende of fractions: Before we go on to find the rules

for addition and multiplication of fractibns we have to make

an important observation. The same number can be represented

-by two different fraction symbols

_lheorem 10.. If cb0, then

Proof:

ca_ a
F

Let x a.

Then bx = a' Definition of division

c(bx) = ca Substitution

(cb)x = ca
_

Associative property
cax = Del'inition of division

Thls is the important Equivalence Rule for fractions.

It is important to note that this rule can also be

read from left to right (as can any equality)'in the form

If be 0,
a ca

In words we can say: "If the numerator and denominator of a

fraction are multiplied, or divided, by 'the same non-zero

number the value of the fraction is unchanged."

Exercises 6b.

Use the equivalence rule for fraCtions to simplify:

1.

2.

4 a2 - 4
M3 n----

2a + 9a + 10

a
2

2a
2

+ a - l
7' ..au

b."-1.- 7a + 2

.21.11114_, 3x
2 + xy

3. 8.
12m'' 37 x

2
+ 3xy

a
2
- b

2

6.

4.
- 9

5x - 15

a b

a
7----2

- b

9.

10.

41

b2- + ab - 2a

ax + a - b
am - an
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4u1tiLolicat on of fractions: The operation with fractions that is

-easiest to perform is multiplication.

11312=2 11.

Pro 21:

If bd 0, then (f)(i) ti
Let x = a/b and y = c/d

Then bx = a and dy = c

(bx)(dy) = ac

(bd)(xy) = ac

_ A/
bd

Definition of division

Substitution

Associative and commu-
tative prOperties

So Definition of dividion

This is the multiplication rule for fractions.. In words we

can say: "The product _'of two fractions is a fraction whose numera-

tor is the product of the numerators of the original fractions, and
k

whose denominator is the product of the denominators."

-Addition, 2i fractions: We will find the rule .for addition of

fractions in two steps, fist for fractions with equal denominators
.

and then for those with unequal denominators.

Theorqp 12. IL b# 0; then .123' + f3-

Proof:
b b

+ a = all /b) c(1/b) Theorem on division

= (a + c) (1/b) Distributive property .

a +
Theorem on division

This is the rule for addition of fractions with the same denomina-

tor. In words: "The sum of two fractions with the same denomina-

tor is a fraction with that same denominator and with a numerator

equal to the sum of the numerators of the original two fractions."

Now consider any two fractions 123- and . According to the

equivalence rule for fractioias:

b bd

and hence

. ha
d bd

a 4. = aa 4. ha
b d bd bd

42
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,But now the fractions on the right have the same denoffinator so

that we may use'the preceding theorem to obtain

a ad + bc
b' d

which is the general addition rule for fractions'.

ril.eorezn 13. If
c +

bd / '0, then 1 + =
ad
-------

b d bd
bc

You would find it very awkward to put this rule into words

and, in fact, you wfll nrcbably solve problems by the method we

used to establish the rule, so we describe the procedure-thus: "To

add.two fractions -with different denominators, change them to equi-

valent fractions with the same denominator and use the rule for

addinc-, fractions with the same denominator."

When a 'and b are inteners, b / 0, the fraction a/b

represents a rational number. Taking a,b,c,d to be integers in

the three precedin: theorems We obtain the rules for adding and

multiplying rational number. For example,

..-)
3

3

7

7

-2-5 -10.
3.7 21

3-7

-14 +

3.7

1

21 21

21 21

We e-lphasize,, however, that in these theorems a,b,c,d do not have

to be integers, but, may be any numbers in the system; in particular

they may he numbers represented by fractions. This is true, indeed, .

for all the theorems we have stated in this and preceding sections,

-since in the proof of these theorems we used only pi-onerties which

hold for a31 numbers in our system. This remark is important for

the remainder of our discussion.

2xercises 6c.

Express as a single fraction and simplify:



1.
3 3

2. r -g

32. 5.1
3.

4y
2

x
2

4.. 217 2.04
:12b' 35a'

1,5 (N+v) (x-v)
x +2y) (2x+y)

2 2
6. 4-=X- . x

x3-y3 x+Y

7.
-

&2 =24-XtY! 3122ILL 15.
x3-y 3 x-y a+1

8. +
3

'Accordin to the theorem on division

.(t)/(i) = [(f")] [0i)]

that is, to divide by a fraction we multiply by its multiplicative

inverse. We use the following theorem to !and the multiplicative

inverse of a fraction.

11. zg
3

12. x+y

2x

a

2

x-y

x+13
13.

1
+
3x-12

14 -=1 aa=1
a+3

a
2-9

1 +2

For all a and b, ab / o, ytal h
bi a

Proof: B i
b)

y definition, t-s the unique solution of the equa-

tiontion (-a ) x = 1. We show by substitution that x =
a
- is a

solution of this equation. Since the solution is unique we con-

clude that 1/(2.) =
a

. The details are left as an exercise

(Exercises 6s, #1)-.

Combining the theorem on division and the theorem we have

just stated, we obtain

bid=a C742 / [] 1] A
d

b d b c

41



-41-

and using the rule for multiplication of fractions we complete a
proof of the following theorem.

Thporpm 15. or all a,b,c,d, bcd / 0,

(al Pg.
'b' f'di

%

by

This theorem states a division rule for fractions. Usually,
however, to divide fractions we follow the procedure with which we
proved the theorem using the theorem on division and the theorem

on the multiplicative inverse of a fraction.

Taking a,b,c,d to be integers in the division rule, we
obtain a rule fOr dividing rational numbers. For example,

=a =?Lz
7 3- 5 3'5 15

Again however, the theorems we have just proved hold when a,b,c,d
represent any numbers in a system having the properties we have
stated.

Subtraction: According to the theorem on subtraction, we have

(al A a ,
b 'd' b

+
1 d '

Thus, to subtract fractions we have to be able to find the additive

inverses of fractioris. The following theorem enables us to do this.

242ram 16. For all a and b, b / 0, - (t) =

o21:: By definition - (a/b) is the unique solution of the equa-
tion ,a/b) + x = 0. We verify by substitution that x = (wa /b) is

a solution of this equation. Since the equation has only one
.

solution we conclude that -(a/b) = (-alb). The details are left

for an exercise (Exercise, 6g, #2).

Observe that we have

-a
b

a=
) -u

45
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The preceding theorem, the theorem on, subtraction, and '-.11e

addition rule; enable us to subtract any tractions,,,,andin particu-

lar, to subtract rational numbers. For example,

3 5 3 5 3.5

10 =2 10+(-9) 1

15 15 15

facercisel 6d.

Perform the indicated operations and express the result in its

simplest form.

1. 2/3,44/9 9.
2. 5/2/5 10.

3. 7a/b//34/21)

11..

4. / x2z
yz /

12.

22- 2x -1T12 - 4a_
5. x2 x2_ 6y

6. (3 +5)/(3 -1)
14.

8.

10 5

3.5_.5y..

x - 5 x+
z_±_a

x 2

m2+ 6m±2 + 3 - mm - 3
__a__ 2

x + 1 x - 1
x
2 - 1

15. 2x - 7
x 1 - 2x 24x - 1

1

As a consequence of the subtraction and division properties,

any equation of the form ax + b = c, a / 0, where a,b, and c

are rational numbers, 1-as a rational solution. Such equations are

called linagE equations.

facap.k. : Solve + 1 _ 1
73 4

46
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.4,2lullaa: Suppose the equation has a solution x. Then

2 a
4 7

. (_ a)
4 4

ax
3

ax
3

4.

=

a .4. (a)
4

1 .4. =a
7 4

=

(3x) = (4)
,

so that if the equation has a solution it must be x = -51/56. By

substitution we verify that -51/
56

is a solution of the equation.

Summary: Let us look back at what we have done. We have suppoSed

that there is a number system which is an extension of the system

of integers and which has the subtraction propqrty and the division

property. We defined the rational numbers to be the solutions of

the equations ax = b, where a / 0 and a and b are iltegerS.

We then dj.scovered the rules for-operating with these rational

numbers. These were the familiar rules, but they were not just

stated or discovered by intuition. They were obtained as logical

conseauQnces of the properties of a number system and the subtrac-

tion, and diiision properties.

We have ,not said that the system of rational numbers is the

only system having the required properties. There are others. Our

discussion shows, however, that any Such system must include the

rational numbers, so the system of rational numbers is the smallest

system of'this kind.

For reference we list below the properties, definitions, and

theorems formulated in this section.

Division property: For all a and b, a / 0, there is a unique

x such that ax = b.

4 7
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Definition:

a la tjx, number

Theorem 9: i .4.11 a

TheOrem 10: cb # 0, tam_

-44-

Multiplicative Inverse: al multiplicative inverse 91:

/a such tinat (1/ala = all /a) = 1.

and b, a /.0, b/a = b (1/a).
ca A
cb b

Theorem 11: IL bd / 0, then (11)(i)
as.
b d

Theorem 12: IL, b /0, then + 19.3. = ab
Theorem 13 :'1L bd i 0, then

o d bd

s TheOreM Eqx All a and b, ab / 0, '1/(Al . b
bl, a

Itleorem 15: r a,b,cd, bed / 0,
(b) /(d) 7 bc

s.

Theorem 16: For all a and b, b / 0, -(t) = 4

Exercises 6e.

-Perform the indicated operations and express the result in its
siplest form.

1. a 1 a- - a1
5 10 4. 4 10. a2_4 :1-a

2
a
2
-1

2. 4+ 14 x 2
3 7 14 11. . a - b a b2

a+b
3. .4.- g.- 4. -Z-

a 3a 6a2

4. a
5' 8

5. 11)._ . 24cb

3c
2

6. 24:2 .4. 3Y - 2x
3x 2y

.- 2=1_ x+2

2x -1d 3x2-9x

8. -245.-a...
12

3m-9n x+y

x-1 (1(.4)2

77 x2-1

12. Zx-1 4x
2
- 9

x4-1 2x2 + x-3

13. ih 717

14. gLarelli c2-6c + 9

c2-9 3a-ac

2
15. x 25-±Y2S

r
3Y

.5Z=.77.T

1. 3x2- 2xv -v2 (3X2 4yx + y2)

x--y-

17.
a+6 + 5a+1 a

12a2 + 5a-2 3a + 2
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4 4
,

18. 2L 7=L . 22, AXLY2...
(x.y)2 x2'.01, xy , 22.

4. x219. Pai4, ..iii..1x1 ..4.
1x

3 ,

23.

1, ---1r.,
.1 ,... 1.. a

X' 20. --Tr

21.

.1,
2

43

x
2 4 2x

isercises

24..

Solve the following

1. 5x 3/2 = 7/5

2. 4. = 5/2

+
x 2 x 4

3 2x+

4 Ata + =
x-3 3

5. 12.;.1:
2y 2

6. 2x2 = 3x + 27

7 3. ,.. .. ..-4.7.1
x 3 2x + 2

9x +
= 0

x 6x+9 x2+6x+9
esmommaarlb

I

equations. Check by substitution.

4xereises,6g.

Prove the following.

1, 14) k (Theorem 14)b a

2. = (Theorem 16)

3.
bcibc
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Order ftlations

The rational numbers can be represented by points on a

straight line. To do this we choose two distinct points on the line

arbitrarily, and label the point on the left c ith 0 and the one on

the right with 1. U§ing the interval between these points as a

unit of measure, and beginning. at the point labe d with 1, we

locate points equally spaced along the line to the right, and label

these points with 2,3,4, And so on Similarly we ocate points

equally spaced to the left, beginning at the point la eled with 0,

and label these points with 1, 2, -3, and so on.

Starting with the line on which the integers ore represented

we can label other points by dividing the intervals into halvet,

thirds, fourths, and so o,1 as indicated in the following diagram.

7

'II III 1 Hi i ti j I

-2 0 VA 2

4
2 2 2 2

2
2

3
2

4.
2

6 5 4 3 0 1 2 4 5 6
3 3 3 3

_2
3

_I
3 3 3 3 3 3 3

8 7 6 5" 0 I 2 3 4 5 6 7 f1

:T 4 4 4 4 4 4 4 4 4

. .

When every rational number is represented by a point on the line

following this scheme, the line is called a numt)er -

The representation of rational numbers by points On a number

line is the basis of the definition of the order relation for

rational numbers.
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lila mg= a J than the. number b, Inikairiliat.

a < b, jt 22,ija 2a tam luau ilat which ramstalt a la ta.
lot.t. sat It& 2241a. !high repreaRPta b.

For example, 1 < 3, -5 < -2, -3 < 1, z < -
3 2

a <
3

The statement "b is greater than a", which is written symboli-

cally b >a, is synonomous with "a is less than b".

/Lusa= 7a.
Use one of the symbols <, >, ors to form a true statement.

1.e, 6 _____r3

2. -2 -5

3. -7 0

4. 8 0

5. 52.8 -32.9

6. 8.25 8.2

7. -0.1 -0.01

8. i
5

9. -3 + 10 7,

10. 45

11. .682(2.98 + 67.4) 682(2.98)+682(67.4)

12. (-1) - (-1)*(-1).73 2. Ti

13. + 1 z x.2 --- 2

14. -45 -30

15. -45 -30 + (-20)

16. -45 + 15 -30

17. 23 19

18. 23 19 + 4

.19. 15 -1

20. 15 -1 + 16,

A statement involving the order relation is called an ineaualtr

fig. Inequalities are as important as equations in mathematics. We

are going to formulate the fundamental properties of the order

relation and show how these are used in operating with inequalities.

.If a and b are two numbers then.either the points repre-

senting them coincide or one is to the left of,the other. Thus

either a b, a < b or b < a, and only one of these statements

can hold. This simple but fundamental property is called the

trichotomy property.

Trichotomy pronettv 21 order: IL a aaa *b g any 12 numbers

chaa exa;t1v, 2at at X15, follovanz bolds: a b, a < b, b < a.

5 I



.48.

The second fundamental property of order, the transitive

property is also geometrically evident.

lanstran =gm= gL or_ der: IL a < b Aad b < d, &ma a < c.

For example,'since -5 < 0 it follows that if 0 < x then -5 < x.
Suppose that we add 2 to every rational number. Geometrically

this has the effect of moving every point on the number line 2

units to the right, as shown in the following diagram.

-4 -3 2 0 2 3 4

From this diagram it is evident that :1.4: a < b, then a + 2 < b + 2.
The student should draw similar diagrams showing the geometric

effect of addition of
3

-3, etc. These diagrams will serve to

'illustrate the following fundamental property.

Agit

Addition property 21 order: IL a < b, /am a + c < b + c.

For example, since 2 < 3, it follows that 2 + x < 3 + x for
all x.

5 2
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t of rational

numbers on the ber line, A.

Multiplying each element of the

Witt by +2 makes each point of

line A correspond to a point

of line B [mafrping]. Notice

that the order, is maintained.

2 >'1 and 2(2) < 1 (2)

Now, multiply each rational

number by -2. Show the mapping

from A on to B. What has

happened? Is 2(-2) > l(-2)?

.Fill in one of the symbols, ( >, <), to make a true sentence:

1. If 3 ? 2, then 3(5) 2(5)

2. If 1 < 10, then 1(-3) 10(-3)

,r

-4 -3 -2 -I 0 I 2 3 4

AI

-4 -3 -2 - I 2 3 4

t B
-4 -3 -2 -1 0 2 3 4

3. If -2 > -3, then -2(15) -3(15)

4. If -3 < 3, then -3(2)____3012)

5. If 2 > -1, then 2(-10) -1(-10)

6: If. 5 > 0, then 5(-2) 0(-2)

7. If a > b and c > 0, then ac,__' be

8. If a > b and c < 0, then ac be

9. If a < b and c > 0, then ac be

10. If a < b and c < 0, then ac

The,preceding exercises illustrate the, fourth and last funda--

mental property of order.

Multiplication REaRtElxof Order:.

IL .a < b c > ot then aC < be.

IL a < b Ang c < 0, tun ac >)c.

5 2
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For exampli, from 1 < 2 it follows that: 1.3 < 2.3, 1-1 <
* 7 7

c
and generi1ly 1.x < 2x if x > 0; but 1.( -3) > 2.(-3),

=>3.(- 5), and generally 1x > 2x if x < 0.
7 7

f

We say that a number x is.pstattive if x > 0, and nerative,

if x < 0. The addition and multiplication properties of order are

often stated in words, as follows: "If the same number is added to

both sides of an inequality the direction of the inequality is not

changed"; "If both sides of an inequality are multiplied by the same

positiye, number the direction of the inequality is not changed, but

if both sides of the inequality are multiplied by the same negative

number t a direction of the inequality is reversed."

The order relation has many other properties, but all of these

/folio% loricallv from the properties we have stated and the proper-

ties of the rational number system we ltated is the preceding

section. With the properties of a number system, the subtraction

and division properties, and the four fundamental properties of .

order as postulates; every othet rule concerning inequalities can

be proved as a the6req. We present some examples of theorems we

will use.

111112=:: a a < b lima a c <b- c.

2122L a < b

a + (-c) < b + (-c) Addition property of order

a-c<b- c ,Theorem on subtraction.

Theprea: c > 0 II= > 0

c < 0 L., < 0

/1921:: We will prove the second statement of the theorem,

Suppose c < 0. According to the Trichotomy property exactly one of

the statements 1 0,
c

> 0,
c
< 0 holds. We will show that the1 1

first two are impossible, so that we must have i.< 0.

5
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If 1 = 0, then

01 * c.0 Substitution

1 * c0 Definition of multiplicative inverse

1 * 0 Theorem 2

which is a contradiction. Hence = 0 cannot hold.

If 1 > 0 then since c < 0

c1 < c0 Multiplication property of order

1 < c0 Definition of multiplicative inverse

1 < 0 Theorem 2

which is again a contradiction, so that le > 0 cannot hold. Since

1 * 0 and 1 > 0 do not hold if c < 0 we must have 1. < 0..

The proof of the first statement of the theorem is similar.

puarem: a<b ALA c> 0, Ilan < .
c c

a < b tiiiii c < ot tjula-t > .

Prgof: We prove the second statement; the proof of the first is

similar. If c < 0, then

1 < 0 Theorem

1.a > 1..b Multiplication property of order

k Theorem on division.
c c

,It is often convenient to use the symbols < and > which are

read "less than or equal to" and "greater than or equal to",

respectively. a < b means that either a - b or a < b; b > a

is synonomous.4 It is easy to verify that, except for the Trichotomy

property, the preceding propertied and theorems remain true if

a < b is replaced by a < b.

Every statement about inequalities can be proved using the

fundamental properties of order, the preceding theorems, and

statements about specific numbers, such as 0 < 1, -3 < -2. In the

5
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following examples we do not cite the properties and theorems which
justify each step but we organize our solution so that the reasons

for each step can be seen easily.

Zzawaft: Show that if x satisfies he inequality 4x-3 < 2x+5
then x.< 4.
2allata31: 4x - 3 < 2x + 5

4x - 3 + 3 .2x + 5 + 3
4x < 2x + 8

4x - 2x < 2x + 8- 2x

2x < 8

2
2x < 1 8

2

x < 4

Exam:4; Show that if 214-2, > I then 0 < x < 3, that is, Q x2x

and x < 3.

We have

> 1
2x

2 () > 2.1
2x

r> 2

Now we have to consider two cases. If x > 0 then

x() > x.2

x 3 > 2x

x+ 3- x > 2x x

3 > x.

If x < 0 then
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x(973) < x.2

x 3,< 2x

x + 3 - x < 2x - x

3 < x

But x > 3 contradicts x < 0, so- x < 0 cannot hold Thus

either x - 0 or x > 0. Since divisiony 0 is not defined,

the possibility x a 0 is excluded, and we have. x > 0. Thus, for

x satisfying the given inequality we have 0 < x and x < 3.

We will generally use the notation a < b < c as an abbrevia-

tion for the statement na < b and b < c". Similarly, a <1.) < c

means "a < b and 11 < c," and so forth.

&w ages, 7c.

For each of the following, show that if x satisfies the inequali-

ty on the left, it must satisfy the inequalities on. the right.

1. If 2x + 3 > 5x - 9 then x < 4

2. If x + 5 < 4x - I then x> 2

3. If (x - 5)(x -7) < 0 then' 5 < x <

4. If (x - 3)2 < 4 then I < x < 5

5. If x/x-5 > 2/x-5 then x > 5 or x < 2

6. If (2x + 5/x < 6 then x < 0. or *x > 5/4

7. If 6x + 13 < 28/x then x ¢ 0 and -7/2 < x <

a. If xx-1)(x+2) < 0 then X < -2 or 0 < x < 1

Exercises, 7d.

Prove the following theorems

1. If a > 1, then a2 > a

2. If a < 1 and a> 0, then a2 < a

3. If a < 1 and a < 0, then a < a4

4. If a > 0 and b > 0 and a < b, then a2 < b2.

5. If a yi 0, then a2 > 0.

6. For all a, a2 > 0.
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7. If a2. 4- b2 = 0 then a = 0- and b = 0.

8. For all a and b, ab <

[Hint: Consider (a-b)2J

$. Sets s2L Numbers wia fizabal,

A kee. Q,f pumbers, 1.6 a collection (or class) of numbers speci-
fied, by some cbnAition. The numbers in the set - that i he

numbers which satisfy the condition which specifies 'the are

called elements or pempers, of the set.

Exasplqp The following are examples of statements which specify

sets of numbers:

(a) The set of numbers x. such that x2 = 4 - the elements of
this set are 2 and -2.

(b) The set of natural numbers x such that x < 3 - the elements

/ of this set are 1,2 and 3.

(tp) The set of rational numbers x such that 1 < x < 3 - the

elements of this set cannot be listed, but we can say for

each number whether or not it is a member of the set. 2

and 11 are membets of the set; are not members.'32

(d) The set of natural numbers - again we cannot list all the

members of the set. 1,2,3 and so forth, are ih the sat; 0,

-1, 3/2 are not in the set.

(e) The set of numbers in thi list 1, 2/7, -3.

It is convenient to have a notation for the phrase "the set of
numbers - such that ". We use the symbol [ : 1.

With this notation we may write tne preceding examples as follows.

ZZAEDR121:

(a) Ix : x
2

= 41

(b) ix : x is a natural number and x < 3}

(c) [x : x is a rational number and 1 < x < 3}

(d) Ix : x is a natural. number]

(e) {X : x = 1, x = 2/7, or x = -3} (In this case we write more

briefly [1,2/7,-31; we will use a similar notation whenever
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a set is specified by listing its members.)

We will often denote sets by capital letters. In particular,

we denote the-set of natural numbers, the set of integers, and the
set of rational numbers by N,I, and R, respectively. We'introduce
the curious notion of a set which has no members, which we call the
tamtVf AIL and which we denote by the symbol 0 ; you will see in a
moment why this is-a useful notion.

Every statement about a number x specifies a set, namely,

the set of numbers for which the statement is true. If the state-

thlint'iSnot true for any number, the set specified is the empty

get, '0 For example, Ix x > 0 and x < 0} is the empty set.

The graph of a set of numbers is the collection of points on

the number line which represent the members of the set. We will
sketch the graphs of the sets we have discussed as examples.

Examples:

(a) Ix : x2 m. 41 -4 -3 -2 -I 0 I 2 3 4

(b) Ix : x is in N and x < 3] 4 -3 -2 '0 I 2 3 4

(c) Ix : x is in R and 1 x < 31
-4 -3 -2 -I 0 I 2 3 4

(We draw circles around the points l' and 3 to emphasize'

that they are not in the set.)

(d) Ix : x is in N1

-4 -3 -2 -I 0 I 2 3 4

(We draw an arrow on the right to indicate 'hat the

graph continues to the right.)

(e) 11, 2/7, i IIfp ti I

-4 -3 -2 -1 0 I 2 3 4
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We say that two sets A and B are asiga, and write A = B,

if they have exactly the same elements. For example:

ix : x
2
= 4) - 12, -2). If every member of the set A is also a

member of the set .13 we say that A =Waal j, B, or B

contains A, and write A C B. For example: -11, 3] C=i1,201;

I CR.

If every member of A is a member of B and every member of

B is a member of A, then A and B have exactly the same

members; that is, if A CB and .B C:A then. A = B. We usualli-

show that two sets are equal by using "this fact.

The set of all numbers which satisfy an equation or inequality

is called the solution set of the equation or inequality. For

example: {x : 2x = 3} = 13/2) is the solution set of the equation

2x = 3; ix : 2x < 3) = Ix : x < 2/3) is the solutio'n set of the

inequality 2x < 3. If the solution setof an equation contains

all the numbers in a number system, the equation is an identity in

the system. For example, the solution set of x + 2 = 2 + x,

1x : x + 2 = 2 + xl, is R, so that this equation is an identity

in R.

Example ;(f): Find the solution set of 2x - 1 < x, and sketch its

graph.

c:plution: If x is in Ix : 2x - 1 < x] then

2x - 1 < x

2x - 1 x+ 1 < x x+ 1
x < 1

so that x is in lx : x < 1}. Thus

ix : 2x - 1 < x] C:{x x < 1}.

Suppose now that Y is in Ix x < 11.

Then
x < 1

x+ x- 1< 1+ x -1
2x - 1 <x

so that x is in Ix : 2x - 1 < x]. Thus Ix x < 1] C

lx : 2x - 1 < x]
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Since the solution set of 2x - 1 < x is contained in and contains

(x .e-x < 11 it is equal to Ix : x < 1).

The graph of the solution set (x : x < 1] is sketched below.

4 c 1 I t t

2 I 0 I 2

Graph sketching is helpful in the discussion of statements

involving the absolute value of numbers.

2L gbsoll;te value: al absolute, value, of a, denoted,
12x, I al, givfin

lal
t.-a if a < 0

The notion of absolute value has a simple and important geo-

metric interpretation. If we regard the rational numbers as points

on the number line, then 1a1 is the distance of a from the

origin 0. The distance between any two points a and b is,__

la -,b1. For example: the distance between 3 and 5 is

15 - 31 '8 121 2 ' 1-21 13 - 51; the distance between -1 and

4 is 1-1 (-4)1 = 1-1 + 41 rl 131 ' 3 'm 1-31 al 1-4 (-1)1;

the distance between 1- and 3 is 1-1 31 = 1-41 = 4 = 141

13 (-1;1.

f: a if a a 0

Example (g): Sketch the graph of lx Ix - 31 < 5] -

.111111=w We have to consider two cases x > 3 and x < 3 since

if x> 3 then x- 3> 0 and Ix - 31 x- 3

and

if x < 3 then x - 3 < 0 and lx - 31 - (x - 3) = 3-x.

We suppose first that -x, > 3, that is, we find the part of the

graph of tx : Ix - 31 < 51 wh:Al is to the right of 3 (or is

3 itself). We have
Ix 31 <-5

x 3 < 5

x < 8,
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,so that the graph to the right of 3 is the graph of

. "{x -: 3 x < 8}, which we sketch below.

÷+-41)im+4414÷'
0 1 2 3 4 5 6 7 8

Now suppose x < 3. Then

:x 31 <'5

(x 3).< 5

3 - < 5

3 - 5 < x

2 < x ,

so the part of the graph of ix : Ix 31, < 5} to the left of 3
is the graph of Ix : 2 < x < 3}. The sketch of this graph is

-"H""Ham+.101mimmi

Thus, the graph of

faerpises 8a

-5 -4
ix

-3 -2 -I 0 I 2 3 4 5 6 7 8

: lx - 31 < 51 is

_770=0.0.010.0010000m00#01-
-2----1 0 I 2 3 4 5 6 7 8

9

,

Find the solution set of each of the following and sketch its graph.

1. Ix : x is in N

2. ix :,x is in N

J.1 Ix : x is in I

4. Ix : x is in R and (2x 5)(3x 6) is 0

5. ix : x is in N and (x-4)(x + 3) < 01

6. ix x is in R and 5x 4 > 7x 4- 9]

7. Ix : x is in R and x2 >

8. Ix : x is in R and (x + 4)2 > 361

9. Ix : x2 < 9 on x2 > 251

10. ix : <

11. ix 2C. 1 > 3 - x}
2

12. ix :X>
x x

and 2x2 <
and 2x 4 < 101

and 6 < x < 8]
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13. I2x + 31 > 1

14. .1x +41 < 2

15. Ix' > -2

:16. 12x- 51

14ereises 813

Prove the following theorems.

1. For all a and b, la - bl = lb - al

2. For all a and b, lab! la! ibi

3. For all a and b, except b = 0, It! il'

9. Baal
In the system of rational numbers every linear equation,

ax + b = c, a i 0

has a solution. The next simplest kind of equation is the quad-

ratic equatiOn

ax
2
+ bx + c = 0. ai0

Here again we run into trouble. Even the most simple quadratic

equation may not have a solution if the only numbers we have are

rational numbers. The equation

x
2 - 2 = 0

does not have a rational solution because there is no rational

number whose square is 2.

Thii last statement seems difficult to prove. How does one

prove that an equation does not have a solution in a certain num-

ber system 'except by testing every number in the system? Although

it required genius to discover the proof, the proof is very easy

to understand. All that is required is a precise definition of

even integer and odd integer. An integer p is even if and only

if p = 2m where m is an integer, and odd if and only if

p * 2t + 1. Now you can easily-show that the square of an even

integer is even and the square of an odd integer is odd. From this

it follows that if the, square of an integer is even the integer

must also be even. Why? It also follows that every gatival gar

juiz'gaa $S, written Al p/q where p AaA q are intezers a2,1 12221
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ar.o. MA. Why?
Now suppose that the equation

x2 =2
has'a solution in the system of rational numbers. Then x is a

quotient of two integers. Let p and q be any two integers

such that x = p/q and substitute in equation x
2

= 2. Then

(2)

2
= 2

Y2 = 2

42,2
= 2q

2

which states that p2, and therefore p' is even. Since p is

p = 2r and substituting in the equation p
2

= 2q
2

(202 = 2q2

4r
2

= 2q2

2r
2

= q
2

.so that q2, and therefore q is even. Thus if'the-equation

ax + bx + c = 0, a 1 0 has a rational solution it must be a

number x such that if x = pig where p and q are integers
then g and q are-both even. But there is no such number.

Since there are quadratic equations with no solution in the

system of rational numbers a logical step in view of our previous

discussion would be to look for the simplest possible extension of

the system of rational numbers in which every quadratic equation

has a solution. This is a possible approach, but if we followed it

we would have to face the possible ea of more extensions when we

consider cubic equations, quartic equations, etc. In fact, this is

not the way the number system developed historically. The exten

sion of the number system which was used in algebra after the

rational numbers was the system of real numbers.

The real number system can be described as a system of numbers

which is an extension of the system of rational numbers, which has

the subtraction, division, and fundamental order properties and

which also has the property that to every real number there
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correaponds a point' on a-line in such a way that two different

points correspond to two different numbers and every point corres-

ponds to borne number. The property which distinguishes the real

number system from the rational number system is this lait state-

ment that every point corresponds to some real number. How did a

number system having this geometric property come to be considered?

We know that there is no rational number whose square is 2.

We call however with straight edge and compass construct a right
Fri triangle with legs of length 1. If there were a number whose

square is two then by the Pythagorean Theorem, the hypotenuse of

this triangle would have that length. Tranafering this hypotenuse

to the number line we-mark a point, at in the following diagram.

-2 -I 0 'I 2

Thus there, is a point on the line which does not represent a

rational nlimbgr4:

Historically, this led to the idea of assigning a number to

every point on the line. The numbers represented by points which

did not represent rational numbeis were called irrational numbers.

The set.of rational and irrational numbers was called the set of

real numbers.
.

The operations of addition, multiplication, subtraction and

division of positive real numbers can be/defined geometrically as

indicated in the following diagrams.

6 5



a + b

a b

b

a b >
Multiplication

se

-'62

a

<
b b

a

Division

Operations with negative real numbers can be performed iii terms bf

operations with positive real numbers, using the same rules as for

the rational numbers. In this way we obtain, a system of numbers

with the geometric property we stated.

The picture of the system of real numbers which this con-

struction provides seems clear enough, except for one questiOn.

How do we obtain usable, that is, rational, approximations to

irrational numbers? The process of physical measurement which

seems to be required is unsatisfactory because of its non-mathe-

matical character and because of its unavoidable lack of precision.

To answer this question let us first see how the approxithation

process could be carried out geothetrically in a systematic way.

Suppose that we wish to approximate a real number r between

2 and 3. We write

2 < r < 3

and subdivide the interval from 2 to 3 into ten equal parts. Now

suppose r lies in the third subinterval. Then

6 6
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32.2= 2 + < r< 2 +

io
. 2.3

J.0

Subdivide the interval from,2.2 to 2.3 into 10 equal parts and

suppose that. r -lies in the fifth subinterval. Then

2.24 = 2 +
2Tu + --4b < r < 2 + 2+ -2.25

10` 10`

If we continue--this process indefinitely we obtain an infinite

decimal a. a
1

a2 '" an "" Where a
1
= 2 is the first place digit,

a2 . 4 is the second place digit, and an is the digit in the

n-th plaCe, with the property that, no matter how large n is,

.

al a
.2

an, . a
1

a
2

a
1 .

(1) a + 175 + -4-75 + r < a + --2 + + h
10" 10" 10 1.0 10

This infinite decimal represents the number r in the sense that

by breaking off the decimal far enough out we obtain a rational

approximation to r with an error as small as we wish.-

The idea of an infinite decimal may seem difficult to you.

How can we know-infinitely many places of a decimal?. Let us make

the proposition more general. An infinite decimal may be regarded

as an infinite sequence of numbers, where by a sequence of numbers

we mean a set of numbers given in a definite order: How can we

know any'infinite sequence of numbers? We cannot specify the

sequence by writing down all of the numbers in it since there are

infinitely many of them. But the sequence is specified and there-

fore known if there is a definite' rule which enabled us to deter-

mine as many of the numbers in the sequence as we wish. The

geometrical procedure described above is one kind of definite rule

whicl enables'us to determine as many places of the infinite

decimal-of a real number as we wish, and which tile.refore specifies

the infinite decimal.

The rule which specifies an infinite decimal'may be more or

less simple. The infinite decimal of.a rational number is always

periodic, that is, after a certain point the same block of digits

is repeated indefinitely. For example, the infinite decimal repre-

sentation of 2/7 is .285714285714285714 ... where them block of

digits 285714 is repeated indefinitely. In this case one can

easily tell what the digit in any given place is. A more difficult

-6 7
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kind of rule specifies the infinite decimal .12345678910111213 ...

which is obtained by writing all the natural numt-in---itcession.

This is the infinite decimal of an iritational number. Hexte we can

again determine what digit' is i9 any glben place., but with more

difficulty tharin the.case of a rational number. A still more

difficult rule is that which determines the infinite decimal of N6,

which we will describe below.

The vale:; of the idea of the infinite decimal representation

of a real number is that the detimal can be obtained in a purely

arithmetic way, without using the picture furnished by the.number

line. For, suppose that we have already determined the decimal of

r to three places a. al 8.0 a3. Then we have only to compare r

with the numbers a. al a2 a3 1, a. al a2 a3 2, ..., a. al a2 a3 9.

If the first of thse which is ereater than r hasj in the fourth

place for example, then the fourth place digit is 6. If all are

smaller than r then the fourth place digit is 9. If r is speci-

fied by.some algebr ic. property then we can use this property and N

algebraic theorems o make the comparisons.

As an example,'we shall find the first few places of the

decimal of Ni2 is defined by the equation = 2. We

will use the theorem that if a and b are non-negative numbers

and a
2

< b
2

then a < b. This is easy to prove, but we will put

the proof off until later. We compare 2 with.the squares of

integers and find

I- = 1 < 2 < 4 = 22

Next we compute (1.1) 2. (1.2)2 ... (1.52 and find

(1.4)2 = 1.96 < 2 < 2.25 = (1.5)2.

Co tinuing we find

(1.41)2 = 1.9001 < 2 < 2.0264 =,(1.42)2

(1.414)2 = 1.999396 < 2 < 2.002225 1- (1.415)2

(1.4142)2 = 1.99996164 < 2 < 2.00024449 = (1.4143)2

so that

(1.4142)2
((7)2

< (1.410)2
and

1.4142 <127 < 1.4143.

(i 8
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The decimal of if correct to four places is therefore 1.4142. It

Is important to realize that, although it would be extremely labori-

ous we could use this procedure to determine as many places of the

decimal of .7T as we desired. We could, in particular, calculate

the digit in the one millionth place of,/2. No one has ever

calculated this digit and it is highly unlikely that anyone ever

will. But this is irmlevant. What is important is that if we

wished we could calculate that, digit.

6 9
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...4....

Exercises 2a, page 2.

ANSWERS

1. 12 12. 0

2. 6 13. 2

3. 5 14. None

1 3 15. None

5. None 16. 0

6. All 17. All

7. 10 18. All

8. 7 19. All

9. None 20. None

10. All 21. All

11. 1, 0

Exercises 2b, page 3.

1. a. yes

b. no; 2 - 3 = no natural number

-c. yes .

d. no; 3x = 2 has no solution in the set.

2. a. yes

b. yes

3. a. no; Sum of any two odd numbers is even.

b. yes; (2n + 1)(2k + 1) = /I-kn + 2n + 2k + 1

= 2(2k + n + k; + 1

. 2k + 1, odd

4. a. no; 7 + 4

b. no; 2 x 5
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Exercises 2c, page 5,6.

1. a. Distributive law

b. False

c. Addition is commutative.

d. False

e. Multiplication is commutative.

f. 'Multiplication is associative.

g. False

h. Addition is commutative

i. Addition is commutative

j. Addition is associative

k. Multiplicaton is commutative

Distributive principle

m. Addition is commutative

2. One must distinguish here between number and decimal

representation of that number. At this stage, number

is of primary concern, so that the answer intended was

7 + 5 + 3 = (7 + 5) + 3 = 12 + 3 = 15.

However, the associative property and the commutative

property for addition gives

(7 + 5) +3 = 7 + (5 + 3)

=.(3 + 5) + 7

Exercises 2d, page 7.

1. 2 + 2 = 2 + (1 + 1)

= (2 + 1) + 1

= 3 + 1

= 4

2. The distributive law:

Definition

Addition is

Definition

Definition

(20 + 3)(32) = 20.32 + 3.32

64o + 96

736

71
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(contid.)

= (2.10 + 3)8

. (2.10)8 + 3.8

= 2(10.8) + 3.8

2(8.10) + 3.8

= (2.8)(10) + 3.8

= (16) (10) + 24

= (10 + 6)(10) + [(2.10) + 4]

= [lolo + 6.1o) + (2.1o)] + 4

= (10.10 + [(6.10) + (2.10)]) + 4

= (10.10 + (6 + 2)(1o)) + 4

= [100 + (8)(1o)] + 4

= 184.

13 + 25 = [1(10) + 3(1)] + [2(10)

13 + 25 = [1(10) + 2(10)] +[3(1)

= 3(10) + 8(1)

= 38

38 + 44 = [3(10 + 8(1)] + [4(1o)

= [3(10 + 4(10] +[8(1)

= 7(10) + 12(1)

= 7(10) + 1(10)+ 2(1)

=:[7(1o) + 1(1o)] + 2(1)

+ 5(1)]

+ 5(1)]

+ 4(1)]

+ 4(1) ]

3.

4:

23.8

(a)

(b)

= 8(10) + 2(1)

= 82

(c) 16 x 13 = [1(10 + 6(1)][1(lo) = 3(1)]

= [1(10 + 6(1)1.10 + [1(1o) + 6(1)]3

= [1(loo)+ 6(10) + o(1)] + [3(10 + 18(1)]

= [1(loo) + 6(i.o)+ o(1)]+[3(lo) +(1.10+8).e' ]

= [1(100 +6(1o) + o(1)] + (4-(lo 8(1)]

= 1(100) + 10(10) + 8(1)

= 2(100) + 0(10) + 8(1)

= 208

(d) (h) These solutions may be obtainfed in a manner similar

to that illustrated above.
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Exercises 2e, page 11.

Cancellation lawAnswer

1. 0 Addition

2. 9 Multiplication

3. 10 Addition

4. No solution in set of whole numbers

5. 0 Multiplication

6. No solution in set of whole numbers

7. 1 Addition

8. 16 Multiplication

9. 5 Addition and Multiplication

10. No solution in set of whole numbers

11. 42 Addition and Multiplication

12. No solution in set of whole numbers

Exercises 3, page 15.

1. 2(5a + b) + 3(b + 2a)

= (10a + 2b) + (3b + 6a)

= 10a + [2b + (3b + 6a)]

10a + [(2b + 3b) + 6a]

=.10a f [ 5b + 6a]

= 10a + [6a + 5b]

= (10a + 6a) + 5b

16a + 5b

2. (3x)(2y) = (3)(2)(x)(y)

= (32)(xy)

6xy

3. (x + 3) (2x 4- 3)

(x + 3)2x + (x + 3)3

(2x2 + 6x) + (3x + 9)

2x2 + [6x + (3x + 9)]

r
= 2x

2
+ [(6x + 3x) + 9]

= 2x2 + gx + 9

Distributive law

Associative law of

Associative law of

Distributive law, and
addition-tables

Commutative law of

Associative law of

Distributive law

addition

addition

73
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4. a + 3(a + 4 ) = a + 3a + 12

= a(1 + 3) + 12

4a + 12

5. x
2y + 5+ 3x 2y + 2 = 4x2y + 7

6. 2a(b + 2) = 2ab +

7. 9a
2
+ 8b

2

8. 19x2 + 31x + 36

9. (x + a)x + (x + a)b = x2 + ax + bx + ab

Note: The teacher should point out that this can be

written in the form

x
2

+ (a + b)x + ab

and that in this form it is most usable.

10. (a + b)x + (a + b)y = ax + bx +. ay + by

11. (ax + b)cx + (ax + b)d = acx
2
+ bcx + adx + bd

Note: The teacher should point out that this can be

written in the form

acx
2

+ (bc + ad)x + bd

and that in this form it is most usable.

Exercises kaL page 17.

1. -5

2. None

3. -9

4. -9

5. None

6. None

7. -3

8. None

e
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Exercises 4L, page 20,
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21.

1. 24 6. 188

2. 24 7. 6a
3. -4 8. -16a

4. -12 9. 2x 4

5. -2 10. 2

Exercises 4c, page 22.

1. -10 6. 0

2. 10 7. 4x - 5

3. 80 8. -6

4*. -15 9. 0

5. '6 10.- 2(a

Exercises 4d, page 25,26.

1. -a 4, b

2. x - 5y

3. 5x - 5y

4. 4x - 3y

5. 4x

6. ab

7. 12x + 12y - 18z

8. 6x2 - 14x

9. 10x
2

- 4x
2y

10. x
2

- xy 2y
2

11. 6x2 - 7xy - 20y4

12. 9k
2

- 3x
3 - 9x

4

13. 30a
3
b
3

14. y
3

- 9y
2 + 24y - 20

15: 4c
3 + 19c

2 - 29c + 6

16. 3x
3

- 12xy2

/5

b)
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Exercises 4d, (cont'd.)

17.

18.

4x2 20xy + 25y2

8x2 - 10x - 3

-73-

19. 2b2 - 8

20. 9a2 + 18ab + 9b2

21. 4a - 25b
2

22. 6 + 2y + 3x + xy

23. x3 + 9x2 + 26x + 24

24. (a + b)2.- 4c2

25. 9x
2

- 6x(y z) + (y - z)
2

26. (2a + b)2 - 3(2a + b) - 10

27. 9 + 3(r + s + a + b) + (r + s)(a + b)-

28. x
2

- (y - m + n)
2

29. (2x - y)2 z2

30. b4 (2b + 1)
2

31. hr
2

+ s
2

t
2

- 4rs 4rt + 2st

32. x3 - 8y3

33. 0

31, x
3
+ 125

35. x
2

+ 2xy + y
2

9

36. 2ab + 2b2
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Exercises 4e page 26.

1. (x + y) - y= (x + y) + -y Theorem: a - b = a+ -b

= x + (y + -y) Associative law

= x + 0 y + -y = 0 meaning of
additive inverse

= x 0 the additive identity

2. (x y) + y = (x + -y) + y Theorem: a - b a + -b

x + (=y + y) Associative law

= x + 0 y + -y = 0

= x. Additive identity

3. x- y + z) x + -(y + z) Theorem: a - b = a + -b

x + -y + -z -(a + br= -a 'i- -b

.(x + -y)+ -z Convention

=(x - y) -z Theorem: (a + -b) = a - b

4. To prove x - (y - z) = (x - y) + z

x - (y - z)

x + -(y + -z)

= x + -1(y + -z)

= x + (-1.y + -1.-z)

Theorem: b + -a = b -

Theorem: -1(a) = -a

Distributive property for
multiplication over
addition

= (x + -1.y) + -1 -z Associative property for
addition

(x + -y) + -1.-z Theorem:-.-1(a) = -a

= (x + -y) + z Theorem: -1(-a) = a

= (x - y) + z Theorem: b + -a = b - a

:.x (y - z) = (x - y) + z as a consequence of the

above properties and theorems.

5. To prove (x + y) - z = x + (y - z)

(x + y) - z Theorem: b + -a = b - a

7-- (X y) + -z

= x + (y + -z) Associative property for
addition

= x + (y - z) Theorem: b + -a = b - a

(x + y) z = x + (y - z) as a consequence of the

aboe property and theorem.

77
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Exercises ke ( conti d )

Same as number; 4.

(x)(5)(-z) =s(x)[(Y)'(-z)]

= (x)((-z)(Y)] .

= (x)( -(zy)]

(4:[-(yz)]

= [-(Yz)](x)

-[(yz)(x)]

= -(xyz)

(-x)(Y)(-z) =(-x)1(3)(-z)]

= (-x)((-z)(Y)]

(-x)[-(zy)]

= (-x)[-(Yz))

= xyz

a(b-c) = a(b + -c)

ab + (a)(-c)

ab + (-c)(a)

ab - ca

ab - ac

(a - b)2 = (a - b)(a - b)

= (a + -b)(a + -b)

= (a + -b)a + (a + -b)(-b)

= a2+(-b)(a) +a(-b)+(-b)2

= a
2 + -ab + -ab + b

2

= a
2
+ (-ab) (1 + 1) +b2

= a
2

- ab(2) + b
2

= a - 2ab + b
2

78

Associative property

Commutative property

Theorem: (-a)(b) = -(ab)

Commutative property

Commutative property

Theorem: (-a)(b) = -(ab).

Commutative property

Associative property

Commutative property
/1

Theorem: (-a)(b) -(ab)

Commutative property

Theorem: (-a)(-b) ab.

Theorem: b +.-a = b - a

Distributive property

Commutative property

Theorem: (-a)(b) -(ab)

Commutative property

Definition: a
2 a'a

Theorem: a + -b = a - b

Distributive property

Distributive property

Theorem: (-a)(b) = (a)( -b)
= -ab

and (-a)(-b)= ab

Distributive property

Fact' of arithmetic
Theorem: a + (-b) = a - b

Commutative property
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11,- (a + -b)(a2 + ba + b2)

=(a + -b)a2+(a+ -b )ba.+ (a + -b)b`

= a3+ -ba2 + ba
2
+ -b

2a+
ab

2+
-b

3

= a3 + -b3

= a
3

- b
3

12. (a + b) (a2 +

=(a + b)a2 +

= a
3
+ ba

2
+

= a
3
+ ba

2
+

= a
3
+ a

2
b

= a
3 + b

3

13. b + (-a)

= (-1)a +

= (-1)a +

-ba + b2)

(a + b)(-ba) + (a

(a)(-ba) + b(-ba)

(a) ( -ab) + -1-.2a +

a2b - ab2 + ab2 4-*

= (-a) + b

-(-b)

(-1)(-b)

Commutative property
Theorem: a - b = a .+ -b

Distributive property

Distributive, property

Commutative property and
additive inverse

Theorem: a + -b .= a - b

+ b)b2

+ ab2 + b3

ab
2
+ b

3

b
3

Theorem: -(-a) = a

Exercises

= (-1)(a + -b)

-(a - b)

5a, page 29-32.

15.

16.

17.

18.

19.
20.

Theorem: a+ -b = a - b

(Y + 3)(5r2 3Y + 9)
(x - 4)(x2 + 4.x + 11
( c + 1)(c2 - c + 1)(c -c3+1)

(3a - 1)(9a2 + 3a + 1)

a(c - 4) (c2 + 4c + 16)

(x + y) (a + b)

1.

3.

4.

5.

6.

a(x + y)
5y3(x2 6y2)

3b(x - 2by)
_...

2c(7d + 3e - 1)

(Y 5)(Y + 5)

(7 - x)(7 + x)

7. (3a 4b)(,a * 41*. 21. (x - y) (a - b)

8. 4(x - 4)(x + 4)
22.t

(a + 1)(a - 1)(a,- 1)

9. ()1 - 5a)(4 + 5a) 23.,- (3x - y - 3u)(3x - y + 34)

10. (x + 2)2 24. (3 - a - 3b)(3 + a + 3b)

11. (2x - 3y)2 25. 2a2b2(3 - b) (9 + 3b + b2)

12. (x + 7)(x + 2) 26. (x +y)(x
(x2 y2)

13. (Y 3)(Y + 5)
(x2+xy +y2)

14. (7 + w)(2 - w) 27. (x + 9)(x - 4)

4
79
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a. (contld.)

28. m(x - 6)2 -

29. (a2 + 4)(a + 2)(a - 2)

. 30. (3 - 2x)(3 + 2x)(2 - x)(2 + x)

31. 5b(4ab + 1)(4ab - 1)

32. (a4 - 5c5)(a8 + 5a1c5 + 25c10)

33. fm + n)(x + y)

34. (b + c)(x - y)

35. (t + u) (t2 - tu'+ u2 - 5)

36. (x,- y)(x + y - 1)

37. (2a - 1)(4a2 + 2a + 1)

38. (6 + y)(4 - y)

39. (3r - s - 1) (3r + S + 1)

40. (w - 8)(w - 3)

41. (3c - 1)(3c + 1)

42. (a2 + 1)(a + 2)(a - 2)

43. (y2 - 5)(y + 2)

44'. (a - 2)(a2 + 2a + 4)(a + 1)(a2. - a + 1)

45.' (a - b)(x - y)(x + y)

46. (8 -- a)2

V. (c2 + 5)(c2 5)

48. (c + d)(c2+ cd + d2)

49. .y(3r + 1)(9r2 - 3r + 1)

50. a(b + y)(b - y)

51 (9x2 - 4yz)(9x2 + 4yz)

52. -3(y - 7) (y + 2)

53. Oa + 2b )(9a2 - 6ab + 4b2)

54. (x = 4)(x + 6y)

55. c(x2 + 2) (x + 2)(x - 2)

56. (6m - a)(m - 12a)

57. 3t(r + 4t)(r2 - 4rt + 16t2)

58. (w - 5b) (2w + 3)

59 8b(2a - b)(4a2 + 2ab + b2)

60. 4x2y(2x+ 1)(x - 3)

61. (3a + 5)(a - 3)

62. (b + x)(x + y)(x - y)

.80
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Exercises 5a. (cont'd.)

63. (7z - 1)2 or (1 - 7z)

64. (3- 8x)(6 + x)

65, (v - 7m)(a - 2b + 2c) 1

66. (5k 2w)(k + 6w)

67. (3x2 - 5Y2)(2x Y)(2x + Y)

68. (X - 3y)3

69. (a2 + 1)(2a - 5)(2a + 5)

7a. (c - d - a + 21 (c - d) 2 + (c

71. 5(7x 3Y)(X3 \-40

72. (x y + a t 3b)[(x + y)2 - (x + y)(a + 3b) + (a + 3b)2]

73.'? (r - 5 - 3s + t) (r - 5 + 3s -

74. (x - 1)2(x + 1)2,
. 75. (2x + y 3)

2
k2 + y - 3)2

- d)(a 2b) + (a - 2b)2]

Exercises 5b, page 32, 33.

1. y = 4 and y = 3

2. x = -9 and y= 2
3. x= 5 and x -2

4. x = 4 and x = -8

5. x = 1

Exercises 5c, page 33.

6. x= 0 and x= 1
7. x = '0 and = -1

8. v= 2 and x -2

9. x = 3 and x . -3

1. x3 + x2 (2a + b) + x(2ab + a2) + a2b

(a) 2a + b = -3

tab + a2= 0

, 2(-2) + 1

2(-2)(1) + (-2)2

a
2
b = 4 (-2)2 (1)

If a t 1; b . 4

If a = t 2; b . 1

(x + a)2(x + b) = (x - 2)2(x + 1)

= -3

= 0

= 4



Exercises 5c,

(b)
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(ccnt'd.)
(r-\

2a + b = 5 2(1) + 3 = 5

2ab + a =7 2(3)(1) + (1)2 . 7

a-2b = 3 (1)2(3) = 3

a = 1; b = 3

(x + a)2(x + b) (x + 1)2(x +0)

( c ) 2a + b = 3

2ab + a
2

= 3

alb = 1

1; .b m 1

(x + a)2(x + b) (x + lj

2(1) + 1 = 3

2(1)(1) + (1)2. 3

(1)R(1) =

2. (x 1)(x - 2)(x - 3) = 0

x
3

- 6x
2 + llx - 6 = 0 .

Exercises 6a, page 35.

1. By the definition of division is a solution of the

equation ax = a. However, we know Unit 1 is also a

- solution of ax = a. Therefore -

a
- and 1 are each
a

solutions of.an equation which has a unique solution

. a
according to the division property. . .

a
= 1.

a
2. Both T. and a are solutions of the equation 1x = a

which has a unique solution according to the division

property.
Ta

/.82
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Exercises 6a, (contd.)

3.. Again we involve the definition of division and the

division property to show that each of the numbers

4 .

and 0 satisfy the equation ax 0, .

2
0.

a

Each of the numbers
a and -a is a solution of the

equation (-1)x = a%
a

= -a.

Each of the numbers 2 and
2a is a solution of the
a

equation ax = 2a provided a / 0. 2 =
2a
a

Exercises 6b, page 37.

7
6.

a - 2

2. ,-.

v

3

5.

5.

6.

7 1

3n
4my

7

1

a. - b

Exercises 6c, page 3 40.

lh
1.

2. 1 \ 9.

15x d).
3. 10.77

b
2

h. 11.
37

x
2 xy y2

7.

8

9.

10

8.

12.

13.

14.

2a+ 5

a + 1
3a - 2

3x + y
x 3y

a + b
2a + b

x + y
m - n

22

73
-
x + 2y

2

4xy

5a

x2

s.. 3



Exercises 6d, page 42.

1'
37

2. .?4

14
3 . --s-

.

xz

5

7. 137

8.
ac-

Exercises.

-

Exercises 6e, page 44, 45.

1.

2.

3.
20a + 7

6a
2-

21
4.

(5.-77-

641)
3

6.
6x4 + 13xy.:2y2

6xy

x
2

- 13x -12
7. -61(x - 3)(x + 3)

4

m - 3n

x + 1
9. 19.

x4+ 1 e

a
3
+ a

2
- 4a - 1

(a + 1)(a - 1)(a + 2)(a - 2)

8.

-81-

9.

10.

1

2

3y
2

- 2
5Y

11.
20x

(x + 5) (x - 5)

12.

13.

14.

15.

A 2x+ 3
X X +

12m
irn 77

- 2 2.x + 3
x + x

2x -3
x(2x - 1)(2x + 1)

- 2b
2

11. w-.75.

12.

15.

16.

a

(x + y)

12a
3 + 73a

2
+ 34a -'11

)87.

(4a - 1)(3a + 2-)

10.

84

-3x - 2
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Exercises 6e, (cont'd.)

23.

24.

5.

6.

7.

8.

20.

21.

22.

Exercises

1

(1 - a)
2

2(x - 2)

x

1 + a

page 45.

297
5-ff

;
-9

6f

1.

2.

3.

x ..

x =

x -

x =

Exercises 6g, page 45.

1.
1 b

=
afa\

'F'

CP* = I

ba
a7"

ab

(1) = 1

a(4.)b4) = 1

1.1 = 1

2. t+ = 0

a + -a a -a
b r °

a -a
F U

N

(3x2 - 12x - 2)(x2 + x +6
(x - 3) .(x + 3)

x + y

3
y =-7

9x = -ff and x . -3

x = -2. and x= = 2

2 10
x = -.7r and x =- -7-

Division property

1")(i)=Theorem:

Commutative property

Theorem:
(t)(i)

Theorem: /-1

Multiplication inverse

Definition: Additive inverse

a'Theorem: . +
c a + c--E--

Substitution
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Exercises 6E, (cont'd.)

a c a
3. a= r Subtraction property

a -c a.% -a
+

Theorem: -(d

_ ad + (-c)(b) a c ad + be
bd Theorem: r+u=---76---

ad + -be
bd Commutative property and

Theorem: (-a)(b) -ab

ad - bc

Exercises 7a, page 47.

1. 6 >

2. -2 >

3. -7 <

4. 8 >

5. 52.8

6. 8.25

17

-0.1

8
7

>
9. _3 4.

10. --45-

Theorem: a + -b = a - b

-3 [or -3

-5

0

0

> -32.9

> 8.2

< -0.01

4

10 = 7

5

< 61 11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

682(2.98 + 67.4)

= 682(2.98) + 682(67.4)

(-1).(-1).(-1). > -3.2.7

1 2 1+ > x -g

-45 < -30

-45 > -30 + (-20)

145 + 1 = -30

23 > 1

23 = 19 + 4

15 > -1

15 = -1 + 16

Exercises 7bL page 49.

1. > 6. <

2. > 7. .>

3. > 8. >

4. < 9. <

5 10. >

86
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Exercises 7c, page 53.

1. 2x 12 > 5x 2. 5. < 3x 1

12 > 3x 3x > 6

x < 4 x 2

3. (x - 5)(x - 7) < 0 means either (x 5) < 0 or (x -7)<0
but not both

. . if x - 5 < 0 if x - 5 > 0

x < 5 x - 7 < 0

x - 7 > 0 x < 7

x > 7 x 5 5

but it is impossible

for x to be less than 5

and greater tOan 7.

<x N<'7

1L x2 - 6x + 9 <

x.2 - 6x + 5

(x - 5) (x - 1)

(x 5)(x - 1) =

x = 5; x=
(x - 5)(x - 1) <

4

0

0

1

0 means x - 5 < 0 and x - 1 > 0

x < 5 x > 1

5

.

If x - 5 > 0

1 x 5

I

I

' < <

1

x > 2

I x - 5 < 0, x < 5 and x < 2 but in order to

i sure that both of these conditions are satisfied

we must take x ( 5



-85-

Exercises 7c, ( contld.)

6 . If x > 0, 2x + 5 < 6x

5 < 4x

x

If x . 0 we have an undefined operati6n

If x < 0, 2x + 5 > 6x

x < T+

In order to satisfy both of these conditions at

the same time we must, take x < 0

. . x < 0 or x
4

7. If x > 0, 6x2 < 28

6x2 + 13x - 28 < 0

(2x + 7) (3x - 4) < 0

and 2x + 7 > 0

2x > -7

x >

whi e 3x - 4 < 0

3x < 4

x <

1 4
0 < x <

If x = 0 we have an undefined operation.

If x < 0 6x2 + 13x > 28

(2x + 7)(3x - 4) > 0

then 3x - 4 < 0

67\ 3x < 4

4
x <

..

8 8



Exercises 7c, (cont'd.)

t

/

Exercises 7d, pages 53, 54.

1. a > 1

aa > 1a

a-
2

> a

2 . a < 1 and a > 0

aa < 1a

a
2

< a

lows that x < 0 and x - 1 < 0

so x < -2

x < -2 or 0 < x < 1

3. a < 0

a < 1

a.a > a

Exercises 7d, pages 53, 54.

1. a > 1

aa > 1a

a-
2

> a

2 . a < 1 and a > 0

aa < 1a

a
2

< a

..,

a
4
> a or a<

3. a < 0

a < 1

a.a > a
..,

a
4
> a or a<

-86-

Multiplication property of order

-86-

Multiplication property of-order

Multiplication property of order

/

> '. )

Multiplication property of order

Multiplication property of-order

> '. )

Multiplication property of order
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Exercises 7d, (contid.)

4. a < b

aa < ab

ab < b.b

a
2

< b
2

5. Case I

-87-

Multiplication property of order

Multiplication property of order

Transitivp property

I

A

aa > 0.a Multiplication property of order

a- > 0

Case II a < 0
."-.1

aa >-0a Multiplication property of-order

a
2
> 0

6. See prob. 5 for a > 0 or a < 0

a = 0

aa = 0a

a
2

= 0

. . a
2
> 0

7 . a
2
+ b2 . 0

Case I

Case II

a = 01

0.0 + b
2
. 0

b
2

. 0

b.b = 0

b = 0

a / 0

a
2

> 0

-a
2

< C

b
2

= 0 - a
2

b
2

= -a
2 < 0

90

/

1
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Exercises 7d, (cont'd.)

7. (cont'd.) but b2 > 0 for all b

.*. a must = 0, b . 0

8. (a - b)2 > 0

a
2

- 2ab + b
2
> 0

a2 - 2ab + 2ab + b2 >:2ab addition property for
inequalities

a
2
+ b

2 > 2ab

ab <
a
2 + b2

2

Exercises 8a, pages 58, 59.

1. x
2

< 25

I

x2 - 25 < 0

(x - 5) (x + 5) < 0

Multiplication property for
inequalities

x - 5 <0 and' x + 5 > 0

-5 < x <5

1

I

2. 2x <, 14

x < 7

3. 6 < x < 8

I.

i

$ I f t I f- 1 ii I --I i I 1 1

I

-10 -9 -8 -7 -6 -5 -4 -3 -2 -I 0 1 2 3

--4---4-4----+--47----1-1---
0 1

0 1 2 3

2 3 4 5

4 5 6 7 8

I 1 4 f 1 --f--

4 5 6 7 8 9 10

6



Exercises 8a, (contld.)

4. x= or x = 2

x = 4 or

136. x <

-12 -11 -10 -9 -8 -7 -6 -5

7. 0

8. (x + 10) (x

x - 2 > 0

x > 2

-12 -II -10-9 -8 -7 -6 -5

0 1 2 3 4 5 6 7 8 9 10 II 12

2

x = -3
0 I 2 3 4 5 6 7 8 9 10 II 12

-4 -3 -2 -1 0

- 2) > 0

or x +10< 0

x < -10

-4 -3 -2 -1 0 2 3 4 5 6 7 8 9

9. (x: (-3 < x < 3) or (x < -5 or -x > 5))

-10 -9 -8 -7 -6 -5 -4 -3 -2 -I 0 I 2 3 4 5 6 7 8 9 10 11 12

10\ tr x: X 3 < 1) = {x: x is in R and x 0)

0 2 3 -4 5 6

92
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Exerses 8a, (cont'd.)

12, (x:(x = x or x > x) and (x 0))

or (x:x is in R and x / 0)

0

(The number line except the point 0)

13. (2x + 4)(2x + 2) > 0

2x 2 > 0 or 2x + 4 < 0

2x > -2 2x < -4

x < -2

-2

(x + I-)
2

- 2
2
< 0

IC x + 4 > 0

x + 4 < 2

(x + 6)(x + 2) < 0

x + 2 < 0

x < -2

x + 6 > 0

x > -6

-6 < x < -2

--car.ortassOmasommisimfareolmQ-1

-6 -4 -3 -2 C

15. 17.1 < -2

0

(

x + 4 <0

x-+ 4 > 2
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Exercises 8a, (cont'd.)

- 8)(2x - 2)

- /1)(x -,1)

14 > 0

>

>

0

0

16, (2x

(x

x

Exercises 8a, (cont'd.)

16, (2x - 8)(2x - 2) > 0

(x - /1)(x -,1) > 0

x 14 > 0

x > LI

'x - 1 < 0

x < 1

94

0

ExerCises 8b, page 59.

11

o

a = 0 b . 0
= a -.- b. lal. 0 Ibl. 0

laHt.1 = lb - al'
lal.lbl= 0.0 = a.b = labl

If a - b . 0
, If a > 0 *b < 0

a . b la'. a !bl. -b
and b - a . 0 Iallbl= a(-b). -ab

la - bl = 0 7 lb 7 al -ab > 0

Ti a - b 0 all <
1

la - I . -(a - b) labl. -ab1

= b - a .. lallbl= labl

and c- a > 0 If a < 0 and b > 0

lb - al = b - a the proof is similar to

ILL - bl = h) - al that just given.

94

o

2

'x - 1 < 0

x < 1

32 43

i

4 5

i

65 6
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Exercises 8b, (cont,d.)

3. If a 2 0 and b > 0

Ial = a; Ibi = b

If a< 0 and b > 0

jai -a

IaI -a
Ibj

a
> 0

a
< 0

ICI =

Ial lal

IFI

Ibl. b

If a < 0 and b < 0

tat = -a Ibt = -b

Ial -a a a
Isj "I IF'


